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introduced by Bestvina, Kapovich and Kleiner. We find that
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the Kulkarni region of discontinuity is the largest open set
where the group acts properly discontinuously.
© 2022 Elsevier Inc. All rights reserved.

Introduction

Henri Poincaré introduced in [26] the concept of Kleinian groups, i.e. discrete sub-
groups of the Mébius group Mob(2, C), which is isomorphic to PSL(2, C), and he classified
its elements into three types. Poincaré’s classification can be stated by saying that
g € PSL(2,C) is elliptic if it has a lift § to SL(2,C) which is diagonalizable and its
eigenvalues are all unitary; g is parabolic if § is non-diagonalizable and its eigenval-
ues are all unitary, and ¢ is loxodromic otherwise. That classification, with these same
definitions, extends to PSL(n + 1,C) for all n > 2, see [15,16,24].

In this work we look at PSL(3, C), the group of automorphisms of the projective plane
Pé, and we classify its discrete subgroups that (besides the identity) have only parabolic
elements. These are called purely parabolic groups. In order to describe our results we
remark that every purely parabolic discrete group in PSL(3,C) has a global fixed point
pE IP’(% and therefore ]P’(% \ {p}, one has a canonical holomorphic projection map 7 from
P2 \ {p} into £ = P{. This defines a group homomorphism:

Il =TI, : PSL(3,C) — Bihol(¢) = PSL(2,C) ,
I(g)(x) = m(g(z)

which is independent of £ up to conjugation. Its restriction to G is the control morphism
of G and its image II(G) is the control group (see Definition 1.12 and [16]).

The various types of purely parabolic groups in PSL(3,C) are fully described in Sec-
tion 2, where we also describe their algebraic and dynamical properties. There are five
such main families, these are:

o Elliptic groups. These are the only ones that are not conjugate to subgroups of the
Heisenberg group Heis(3, C) and they are subgroups of fundamental groups of elliptic
surfaces (see [8]).

e Torus groups. These are subgroups of fundamental groups of complex tori:

T = c(a,b) € L3,

o O =
o = O
_ o Q

where £ is an additive discrete subgroup of C?2.
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e Dual torus groups,

1
T(2)={ |0
0

O = Q

b
0] :(a,b)e g
1

These split into three types: the first have Kulkarni limit set (see Definition 1.5) a
complex projective line; the second have Kulkarni limit set a cone of projective lines
over a circle, and the third type have all ]P’é as Kulkarni limit set. From now on,
for simplicity, we will say only limit set instead Kulkarni limit set, unless we specify
otherwise.

o Inoue groups of three types. The first have limit set a cone of lines over a circle, the
others have limit set all of Pé. The three types can be distinguished by the limit set
and the control morphism (see Proposition 2.11).

o Kodaira groups Iy, which are Abelian, and their extensions. There are five types
of extensions K;, ¢ = 1,---,5, which are purely parabolic and discrete. The first
type K1 have limit set a projective line; the second type Ko have limit set a cone of
projective lines over the circle. The remaining three types have limit set all of P&
and they are distinguished by their control morphism (see details in Section 2).

In this work we prove:

Theorem 0.1. Let G C PSL(3,C) be a purely parabolic discrete subgroup. Then:

(1) G is either virtually elliptic or virtually conjugate to a subgroup of the Heisenberg
group Heis(3,C), which is itself purely parabolic.
(2) Its Kulkarni limit set Ak is either a line, a cone of lines over a circle, or the whole
of ]P’é, and up to conjugation:
(a) Agw is a line if, and only if, G is an elliptic group, a torus group, a dual torus
group of type I, Abelian Kodaira group or a Iy group.
(b) If Akwi is a cone of lines over a circle, then G is either a dual torus group of
type 11, a Kleinian Inoue group, or a extended Kodaira group Ks.
(¢) If A = Pé, then G is a dual Torus group of type III, a discrete non-Kleinian
Inoue group, an extended Inoue group, or an extended Kodaira group K; for
i=3,4,5.

Concerning the dynamics we have:

Theorem 0.2. Let G C PSL(3,C) be as in the theorem above and let A}, be the Conze-
Guivarc’h limit set of the action on the dual ]f”é Then:

Kul 18 a line an is mot a dual torus group, then is the projective dua
1) If A s a li dGi ta dual t then AL, o is th jective dual
of Ay and it is the unique minimal set.
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(2) If Akw is a cone of lines over a circle, then AL contains a projective real line and
it is mot a minimal set because there is always a global fixed point.

(3) If Axw = P, then: AL, contains a complex projective line and it is never a
minimal set (as before, because there is a global fized point).

The theorem below is essential for our proof of Theorem 0.1.

Theorem 0.3. Let G C Heis(3,C) be a discrete group, then G is purely parabolic and:

(1) There are By, ..., B, subgroups of G such that G = Ker(Il|g) x By x -+ X B,, and
each B; is isomorphic to Z*:, for some k; € N U {0}.

(2) rank(Ker(Illg)) +>2;_, ki < 6.

(3) If G is complex Kleinian, then rank(Ker(Il|g)) + > ki < 4.

We recall (see Definition 1.4) that G is complex Kleinian if it is discrete and there is
a non-empty open invariant set where G acts properly discontinuously.

The proof of Theorem 0.3 uses in an essential way the obstructor dimension of a group
G, introduced by Bestvina, Kapovich and Kleiner in [12]. This is a lower bound for the
“action dimension” of G, and it is based on the classical van Kampen obstruction for
embedding a simplicial complex into an Euclidean space [31]. Theorem 0.3 strengthens,
for discrete groups in Heis (3,C), a Theorem of Bieri and Strebel [10], ensuring that
every infinite, finitely presented solvable group is virtually an ascending HNN-extension
of a finitely generated solvable group.

A difficulty one meets when working with the projective groups PSL(n + 1, C), which
are non-compact, is that one does not have the convergence property (cf. [13,21]). We
overcome this problem by using repeatedly the space of pseudo-projective maps,

SP(3,C) = (M(3,C) - {0})/C~,

where M(3,C) is the set of all 3 x 3 matrices with complex coefficients and C* acts by
the usual scalar multiplication. This was introduced in [16,17] and it provides a natural
compactification of the projective group PSL(3, C).

We remark that every parabolic element in PSL(3,C) is conjugate to a parabolic
element in PU(2,1), the group of holomorphic isometries of the complex hyperbolic
space (see [16,24]). Yet, the results in this paper show that there are plenty of purely
parabolic groups in PSL(3,C) which are not conjugate to subgroups in PU(2,1). Some
examples are:

(1) All purely parabolic groups whose limit set Aky is not a single line.
(2) Unipotent Abelian complex Kleinian groups whose limit set is a single line and the
rank is at least three.
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It is possible to provide a full characterization of the purely parabolic groups in PSL(3,C)
that are conjugate to groups in PU(2, 1). This shall be done elsewhere.

A corollary of the results in this article is that the Kulkarni limit set of purely parabolic
complex Kleinian groups in PSL(3, C) either consists of one line or it has infinitely many
lines but only two in general position (a set of lines is said to be in general position if
no three lines in the set are concurrent). This is essential for the classification of the
complex Kleinian groups that are elementary, i.e., they have either a point or a line with
finite orbit. The complete classification of the elementary groups in PSL(3,C) is given
in our forthcoming paper [6], in relation with a dictionary in complex dimension two,
inspired by Sullivan’s dictionary [7].

We thank the referee for plenty of valuable suggestions that highly improved the
original version of this article.

1. Preliminaries

Let P2 := (C3\ {0})/C* be the complex projective plane and [ ] : C3\ {0} — PZ the
quotient map. A line in IP’(% means the image under this projection of a complex linear
subspace of dimension 2. Given p,q € ]P’é distinct points, there exists a unique complex
line passing through p and ¢; such line is denoted by m The projective dual Ii”é of Pé
is Gr(}P’é) the Grassmannian of all complex lines in ]Pé equipped with the topology of
the Hausdorff convergence.

The following notion is used along the paper.

Definition 1.1. A pencil of lines in IP’(% is a collection of lines passing through a common
point.

Consider the usual action of Zs on SL(3,C). Then PSL(3,C) = SL(3,C)/Zs is a
Lie group whose elements are called projective transformations. We denote also by
[] : SL(3,C) — PSL(3,C) the quotient map. We denote by g = (g;;) the ele-
ments in SL(3,C). Given g € PSL(3,C), we say that g € SL(3,C) is a lift of g if
[g] = g. Then PSL(3,C) acts transitively, effectively and by biholomorphisms on P& by
[g]([w]) = [g(w)], where w € C3\ {0} and g € SL(3, C). Recall (cf. [16, Chapter 4]):

Definition 1.2. Let g € PSL(3,C) and g a lift to SL(3,C). Then g is:
o elliptic if g is diagonalizable with unitary eigenvalues;
o parabolic if g is non-diagonalizable with unitary eigenvalues;

¢ loxodromic if g has some non-unitary eigenvalue.

Now let M(3,C) be the set of all 3 x 3 matrices with complex coefficients. Define
the space of pseudo-projective maps by: SP(3,C) = (M(3,C) — {0})/C*, where C*
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acts on M(3,C) — {0} by the usual scalar multiplication. We have the quotient map
[]: M(3,C)\ {0} — SP(3,C). Given P € SP(3,C) we define its kernel by:

Ker(P) = [Ker(P) \ {0}],

where P € M(3,C) is a lift of P. Clearly PSL(3,C) C SP(3,C) and an element P in
SP(3,C) is in PSL(3,C) if and only if Ker(P) = 0. Notice that SP(3,C) is a manifold
naturally diffeomorphic to P§, so it is compact.

Recall that given a discrete group G in PSL(3, C), its equicontinuity set Eq(G) is the
largest open set on which the G-action forms a normal family.

Theorem 1.3 (See Proposition 2.5 in [15]). Let G C PSL(3,C) be a discrete group. Then
G acts properly discontinuously on Eq(G) and one has:

Eq(G) = B2\ | J Ker(P).

where the union runs over the kernels of all P € SP(3,C) \ PSL(3,C) satisfying that
there exists a sequence (g,) C G that converges to P.

Now let G C PSL(3,C) be a discrete group and let  be a non-empty G-invariant set,
i.e., GQ = Q. We say that G acts properly discontinuously on € if for each compact set
K C Q the set {g € G| g(K) N K} is finite.

The following notion was introduced in [28]:

Definition 1.4. G is complex Kleinian if there exists a non-empty open G-invariant set
in P«% where G acts properly discontinuously.

Definition 1.5. Let G C PSL(2,C) be a discrete group. Its Kulkarni limit set is [22]:
Agu(G) = Lo(G) U L1(G) U Ly(G)

where Ly(G) is the closure of the points in PZ with infinite isotropy group, Li(G) is the
closure of the set of accumulation points of the orbits Gz where z runs over P& \ Lo(G),
and Lo(G) is the closure of the set of accumulation points of orbits GK where K runs
over all compact sets in P& — (Lo(G) U L1(G)). The Kulkarni region of discontinuity (or
the ordinary set) of G is:

Proposition 1.6. Let G be a complex Kleinian group. Then:

(1) [See [22]] The sets Axwui(G), Lo(G), L1(G), La(G) are G-invariant closed sets.
(2) (See [22]) The group G acts properly discontinuously on Qp.i(Q).
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(3) (See [24] or [16, Proposition 3.3.6]) Let C C PZ be a closed G-invariant set such that
for every compact set K C ]P’(% — C, the set of cluster points of GK is contained in
(Lo(G)U L1 (G))NC, then Ak (G) CC.

(4) (See [15, Corollary 2.6]) The equicontinuity set of G is contained in Qg (G).

(5) (See [5, Proposition 3.6]) If Go C G is a subgroup with finite index, then

Axu(G) = Aku(Go).
(6) (See [16, Proposition 3.3.4]) The set Ax.i(G) contains at least one complex line.

There is also the Conze-Guivarc’h limit set, see [19]. For this we need the following
generalization introduced in [9].

Definition 1.7. Let G C PSL(3,C) be a discrete group acting on I[VD«Q: We define the
Conze-Guivarc’h limit set of G, denoted Acoc(G), as the closure of the set of points
q€ ]Iv”é for which there exist an open subset U C Iﬁ’é and a sequence (g,) C G, gn = gm
if n = m, such that for every p € U

lim g,(p) = q.

n—oo

A couple of examples will picture the previous concept. We need:

Definition 1.8. A matrix g € GL(3,C) is prozimal if it has an eigenvalue Ay € C such
that [Ao| > |)| for all other eigenvalues A of g. For such a g, an eigenvector vy € C3
corresponding to the eigenvalue )y is a dominant eigenvector of g. We say that g €
PSL(3,C) is prowimal if it has a lift § € SL(3,C) which is proximal; and v € PZ is
dominant for g if there is a lift & € C? of v which is dominant for 7.

We remark that by [24], every strongly loxodromic element in PSL(3,C) is proximal,
and all loxodromic elements in PU(2, 1) are strongly loxodromic.

Example 1.9. [Complex hyperbolic groups| If G € PU(2,1) is a non-elementary discrete
subgroup, then Acog(I') coincides with the Chen-Greenberg limit set [18] of G, Ac(T),
which is the closure of the orbits of points in the complex hyperbolic space 8]1-]1%. This
follows because loxodromic elements in PU(2, 1) are proximal and their attracting fixed
points in HZ correspond to dominant vectors.

Example 1.10. [Veronese groups] Given a non-elementary discrete subgroup G C
PSL(2,C), let ¢+ : PSL(2,C) — PSL(3,C) be the canonical irreducible representation
and ¥ : IP’(é — ]P’(% the Veronese embedding. A simple computation shows that ¢ carries
loxodromic elements in PSL(2, C) into strongly loxodromic elements in PSL(3, C). This
implies Acoc(¢(G)) = Y(Acha(G)), see [14, Theorem 2.10].
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Recall from [19] that a strongly irreducible group in PSL(3, C) is a group whose action
on IP’(% does not have points or lines with finite orbit.

Theorem 1.11 (See [19] and Corollary 3 in [9]). Let G C PSL(3,C) be a strongly irre-
ducible group, then:

(1) The limit set Acoc(G) is non-empty and is the unique minimal set for the action of
G on Pé.

(2) The closure of the dominant points of prozimal elements in G coincides with
ACOG(G)'

Now recall [16]:

Definition 1.12. Let G be a discrete group in PSL(3,C). We say that G is weakly-
controllable if it acts with a fixed point p in PZ. In this case a choice of a line £ in PZ\ {p}
determines a projection map P2 \ {p} — £ and a group morphism II : G — PSL(2,C)
called the control morphism of G; its image II(G) C PSL(2,C) is the control group.
These are well defined and independent of £ up to an automorphism of PSL(2, C).

Theorem 1.13 (See Theorem 5.8.2 in [16]). Let G C PSL(3,C) be discrete and weakly-
controllable, with p € ]P’é a G-invariant point and £ C ]P’é a complex line not containing
p. Let 11, ; = II be a projection map defined as above. If Ker(Il|g) is finite and II(G) C
Aut(¢) 2 PSL(2,C) is discrete, then G acts properly discontinuously on

o= U 5% -,
2€Q(II(Q))
where the union runs over all points in £ where the action of II(G) is discontinuous.

The following is an improvement of the A\-Lemma in [24] that we use in the sequel.
This is inspired by the classical A\-Lemma of Palis and De Melo [25].

Lemma 1.14 (See Section 2 in Heis [15]). Let G be a discrete group and let (gn) C G be
a sequence of distinct elements, then there exist a subsequence (hy) C (gn) and pseudo
projective maps P,Q € SP(3,C) satisfying:
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Im(P) C Ker(Q),
Im(Q) C Ker(P),
dim(Im(P)) 4+ dim(Ker(P))
dim(Im(Q)) + dim(Ker(Q))

L,
1

(3) For every point x € Ker(P) we get

Ker(Q) = U {accumulation points of (hn(x,))}.

Ty —T

4) If Q@ C IP’(% is an open set on which G acts properly discontinuously, then either
Ker(P) C PZ —Q or Ker(Q) C P& — Q.

We use in the sequel the obstructor dimension of a group G, introduced by Bestvina,
Kapovich and Kleiner in [12]. We refer to [12, Definition 4].

Definition 1.15. Fix a non-negative integer m. A finite simplicial complex K of dimension
< m is an m-obstructor complex if the following holds:

(1) There is a collection

% ={(oi, 7)1}

of unordered pairs of disjoint simplices of K with dim o;+dim 7; = m that determine
an m-cycle (over Zs) in

{oxTCKxKloNnt=0}/Zs

where Zs acts by (z,y) — (y, ).

(2) For some (any) general position map f : K — R™ the (finite) number 3¥_;|f(o;) N
f(1:)] is odd.

(3) For every m-simplex o € K the number of vertices v such that the unordered pair
{o,7} is in ¥ is even.

Definition 1.16. The obstructor dimension obdim(G) is defined to be 0 for finite groups,
1 for 2-ended groups (see [20, Section 9.1] for a definition of the ends of a group).
Otherwise obdim(G) is m + 2 where m is the largest integer such that for some m-
obstructor complex K and some triangulation of the open cone cone(K) there exists a
proper map f : cone(K)(®) — G satisfying:

(1) for disjoint simplices o, 7 in K and every D > 0 there are compact sets C; C cone(o),
Cy C cone(r) such that f(cone(c) — C1) and f(cone(oc) — Cq) are > D apart.
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(2) there is a uniform upper bound on the distance between the images of adjacent
vertices in cone(K)(©®)

We use the following theorems; see [11,12] for the corresponding proofs:

Theorem 1.17 (See Theorem 1 in [12]). If obdim(G) > m, then G can not act properly
discontinuously on a contractible manifold of dimension < m.

Theorem 1.18 (See Corollary 2.7 in [12]). If G = H x Q with H and Q finitely generated
and H weakly convex, then obdim(G) > obdim(H) + obdim/(Q).

Theorem 1.19 (See Corollary 2.2 in [11]). Let G be a lattice in a simply connected nilpo-
tent Lie group N, then obdim(G) = dim(N), in particular obdim(Z"™) = n.

2. The families of purely parabolic discrete groups

There is a partition of the purely parabolic discrete groups in PSL(3,C) into five
families: elliptic, torus, dual torus, Inoue and Kodaira groups. We now define these
families and discuss their algebraic structure and dynamical properties. We find that
some of these families naturally split into subfamilies according to the topology of their
limit set and the structure of the control group.

Note that the simplest purely parabolic groups are cyclic, generated by a parabolic
element; there are three types of such elements in PSL(3, C), described by the Jordan
normal form of their lifts to SL(3,C). These are:

0
0 | . Al=1,A#1

o O =
e e
O =

0 Al
11, 0 A
1 0 0 A?

The first two of these are unipotent; the third type is called ellipto-parabolic: it is rational
if A is a root of unity or irrational otherwise (see [16, Chapter 4] for details). Each of these
belongs to a different type of the families we describe below. The first type generates
torus groups, the second generates Abelian Kodaira groups and the ellipto-parabolic
elements generate elliptic groups.

We remark that all the groups we present in this section are upper triangular. Hence
they fix the point e; € Pé, so they are weakly-controllable. Given one of these groups G,
we let II: G — PSL(2, C) be its control morphism (Definition 1.12). Notice that except
for the elliptic groups, all others are subgroups of the Heisenberg group.

Throughout this section we denote by W an additive subgroup of C, by £ and additive
subgroup of C? and by M an additive subgroup of R.


reviewer
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2.1. Elliptic groups

Let W C C be an additive discrete subgroup and consider a group morphism g :
W — St. Define:

EI(W, p) = 0 p(w) 0 wew

Lemma 2.1. Elliptic groups act with two fized points, {e1} and {es}. The control group
with respect to {es} is W and the kernel of 1 is trivial, while the control group with
respect to {e1} is the image of W under p. Also:

o The Kulkarni limit set is a line.

o The equicontinuity set coincides with Kulkarni’s discontinuity region and is the
largest open set on which the group acts properly discontinuously.

e The Conze-Guivarc’h limit set of the action on the dual ]f”é is the dual point of the
Kulkarni limit set, but it is not the only minimal set.

The kernel may or may not be trivial. If the kernel is not trivial, then it is a proper
subgroup of W isomorphic to Z.

Proof. The proof of the statements about the control groups are straightforward from
the definition. From Theorem 1.13 we have that the Kulkarni limit set is the line m)
and the Kulkarni’s discontinuity region is the largest open set on which EI(W, 1) acts
properly discontinuously. Let us prove that Qg,; coincides with the equicontinuity set.
Let (gn) C EL(W, i) be a sequence of distinct elements. Then (g,,) can be written as:

1 a, 0
gn = lO 1 0 ] ,
0 0 p(an)

for some sequence (a,,) in W with |a,,| converging to co. Hence there exists a € C* such
that:

[0 a 01 0 00
gn —>= |0 0 0| ;andg, ——= |a 0 O] .
n—oo 0 0 0 n—oo 0 0 0

We get Eq(EIL(W, 1)) = C? = Qg (EW(W, 1)) and Acog (EN(W, 1)) = {e2} is a minimal
set. This also proves the statements about the Conze-Guivarc’h limit set. Notice that
{es} also is a minimal set for the dual action, so there is more than one minimal set. O
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2.2. Torus groups

These are of the form:

1
T(L) = 0
0

o = O

a
b|:(ab)ely ,
1

where £ is an additive discrete subgroup of C2.

Lemma 2.2. The control group TI(G) is an additive subgroup of C that may or may not
be discrete, and:

o The Kulkarni limit set Ay s a line.

o The equicontinuity set coincides with the Kulkarni discontinuity region and it is the
largest open set where the group acts properly discontinuously.

o The Conze-Guivarc’h limit set AL, (T (W)) of the action on the dual projective
plane ]f”é is a single point, the projective dual of the unique line in Ag.;, and it is
the only minimal set for the action on IF”(%

The kernel of the control morphism IT may or may not be trivial.

Proof. The first and second statements follow from [16, 3.4.2]; in fact Ak, is the
line &,¢5. It remains to prove the statements about A%, o (7(£)). Let (g.) C T(£)
be a sequence of distinct elements. Choose a sequence (an,b,) € £ such that

|an| + |by] ———= oo and set:

1 0 a,
gn=10 1 b, .
0 0 1

We can assume that (taking a subsequence if necessary) there exist a,b € C so that
la| + 16| # 0 and

Hence

converges to {es}. Thus Af, (T (L)) = {es} and this set is minimal. O
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2.83. Dual Torus groups

This family actually splits in three classes, depending on the limit set. To explain this
trichotomy, let us consider first the following lemma. We recall that the rank of a group
is the smallest number of elements that generate it.

Lemma 2.3. Let £ be an additive discrete subgroup of C? and consider the natural pro-
jection [] : C2\{0} — PL. Then the closure of [L\{0}] is either a point, a real projective
line or the whole of P(lj, and one has:

o The closure of [L\ {0}] is a point if and only if L has rank 1 or it has rank 2 and it
1s generated by two C-linearly dependent elements.

e The closure of [L\ {0}] is a real projective line if and only if L has rank 2 and it is
generated by two C-linearly independent elements.

o The closure of [L\ {0}] = P& if and only if £ has rank at least 3.

Proof. If £ has rank 1, then trivially [£\ {0}] is a single point. If £ has rank two and is
generated by two C-linearly dependent vectors, then [£\ {0}] is trivially a single point.
If £ has rank two and is generated by two C-linearly independent vectors, then we can
assume that £ = Z @ Z, therefore [£\ {0}] = {[1,m/n] : m,n € Z} which is a dense set
in a real projective line in ]P’(lj. Finally, if £ has rank at least 3, then we can pick up two
elements in £ which are C-linearly independent. Moreover we can assume that (1,0) and
(0,1) are such elements, let p = (w1, wz) be the other point in £, then

I\ {0}] = {[k 4+ nwy : L + nws] : k,I,n € Z} = {[r + swy : t + swq] : r,5,t € R} .
Now, if z € C satisfies I'm(z) # 0 and we consider

Im(ws) — Re(z)Im(wy)
Im(z)

so=1,1r9 = — Re(wq), to = z(r + wy) — wa,

then a straightforward computation shows that [1 : z] = [ro + sow; : to + Sowz], which
concludes the proof. O

Definition 2.4. A dual torus group in PSL(3,C) is a group of the form

1
T* (E) = g(a,b) = 0
0

o = Q

b
0] :(a,d)ely
1

where £ C C? is an additive discrete group. The torus group is of type I if its Kulkarni
limit set Ak is a line; it is of type Il if Ak is a cone of lines over a circle, and it is of
type 111 if Agy = Pé.
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Lemma 2.5. All dual torus groups are discrete, with trivial control group, and:

(1) The group is:
(a) Type I if and only if £ either has rank 1 or it is generated by two C-linearly
dependent elements;
(b) Type II if and only if £ has rank 2 and it is generated by two C-linearly inde-
pendent elements;
(¢) Type III if and only if £ has rank at least 3.
(2) If it is of type I or II, then:
(a) Its Kulkarni discontinuity set is the largest open set where the action is properly
discontinuously and it coincides with the equicontinuity set.
(b) The Conze-Guivarc’h limit set of the dual action is the projective dual of Agui;
it is either a point if the group is of type I or a real projective line if it is of type
11, and it is a minimal set whenever it is a single point.
(3) If the group is of type III, then:
(a) The sets Qi and Eq are both empty and there is no non-empty open invariant
set of IP’(% where the group acts properly discontinuously.
(b) The Conze-Guivarc’h is the projective dual of A, but this is not a minimal
set since there is a global fized point.

Proof. It is not hard to check that these groups are discrete and they have trivial control
group. The rest of the proof follows from Lemma 2.3. O

2.4. The Inoue groups

There are three classes of groups in this family.

a) Inoue Kleinian groups, or just Inoue groups. These are proper subgroups of fun-
damental groups of Inoue surfaces. The limit set is a cone of lines over a circle.

b) Inoue non-Kleinian groups. These are Inoue groups in the sense of Definition 2.6
whose limit set is all IP’(Q:.

¢) Extended Inoue groups. These are finite extensions of Inoue groups whose limit set
is all of IP’((Qj7 hence they are not Kleinian.

2.4.1. a) Inoue groups
Let £ C C? be an additive discrete subgroup, let z,y, 2 € C and set

1 242z vy 1 u v
v =m(z,y,2):= |0 1 z| , IT=Z(u,v):= 01 0|, (u,v)el).
0 0 1 0 0 1

Notice 7 is a dual torus group.
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Definition 2.6. An Inoue group is a discrete subgroup of PSL(3, C) which is an extension
G = (Z,v1) where the dual torus group Z is of type II. This kind of groups splits into two
classes: Kleinian, i.e. subgroups with non-empty discontinuity region, and non-Kleinian.

Theorem 2.7. A group T" is Inoue if and only if there exists a dual torus group I such
that:

F={I+F|kez}.

These groups are non-Abelian semi-direct products Z? x Z.. They are weakly-controllable
with control group 7 and kernel (of the control morphism) Z & Z. Moreover:

(1) The group is Kleinian if and only if it is of the form:

Ukt 24me Lem(b+2)+ () o+ my
Ino(m,y,p,q,r) = 0 1 m ck,lmeZ
0 0 1

where z,y € C and p,q,r € Z are such that p,q are co-primes and q* divides r.
(2) If the group is Kleinian, then:
e The Kulkarni limit set is a cone of lines over a real projective space:

AKul:mUUel,[Ozlzs.

seR

e The Kulkarni discontinuity set coincides with the equicontinuity set and it is the
largest open set on which the group acts properly discontinuously. These sets are
biholomorphic to C x (HT UH ™) where H* are the open half planes in C.

o The Conze-Guivarc’h limit set for Ino(x,y,p,q,r) is a real projective line, and it
is not minimal.

Proof. Set Z = {g € T' : g € Ker(ID)}, then I' = {\¥ : k € Z,h € I} and T is
a dual torus groups, proving the first statement. On the other hand, it is clear that
Ino(x,y,p, q,r) is a discrete group. Set:

1 k4lc+mz ld+m(k+l1c)+ (gn)x—&—my

0 1 m
0 0 1

g(k,l,m) =

Let k,1 € Z, then a straightforward computation shows that the fixed point set is:

Fix(g(k,1,0)) = e1,[0: =ld : k+c].

Hence, letting L be as in Definition 1.5 we get:
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é1783 U U 61»[0 :1:s| C Lo(IHO({L‘,y,]Lq,T)).

seR

Finally, let us show that

P((Qj - Eq(InO(‘va%paqar)) = é1363 U U €1, [O t1is).

seR
Let (gm)men C Ino(z,y,p,q,r) be a sequence of distinct elements, then there exists a

sequence Uy, = (km, lym, nm) € Z2 of distinct elements such that:

1 kp+ilnctnme Lnd4 ng (ky 4 L) + <n2m> T+ nny
gm =10 1 T,

0 0 1
Since G, is discrete we get rn, = maz{|kpl, |lml, [ny|} — oo . Now we can assume

that there exists u = (z,y,2) € R® — {0} such that r,’nlumm? u , thus

0 ko+logc+ nox lod-i-no(ko-i-loc)—&-(n;)x-&-noy

L ———s P o= 0 0 ng ’
0 0 0
él,eg if ko +lpc+nox =0
Ke’/‘(P): 61,[0:—10d2k0+l00] if kg 4+ lpc #0,n9 =0
e1 in other case

This last convergence implies that AZ . is a real projective line. This set is not minimal
because it has a global fixed point. O

2.4.2. b) Extended Inoue groups
These are discrete extensions of Inoue groups. We use the following normal forms.

1 1 s
g=10 1 1| ;seC. (2.1)
0 01

Definition 2.8. An eztended Inoue group is a discrete group I’nvo(S,x,y, z) generated by
matrices with normal forms g,v; and the group Z.

We have:
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Lemma 2.9. Up to conjugation, every extended Inoue group is of type:
no(&,2,y,2) = {h-g"-+" ,k,meZ,hel},

with a,b,c,x € C, k,m € Z and (u,v) € £ satisfying that if we let w1, 7o be the coordinate
functions in C2, then:

i) (0,2 — 2), (0,71 (L)), (0, z - m2(L)) are in L.

it) £ has rank at least 3; and

i) either z ¢ R or x =y = z = 0; hence the control group has rank 2.

The proof follows from Proposition 5.21.

Corollary 2.10. The extended Inoue groups have an infinite discrete control group. There
is not an open invariant set of IP’(Z: where the group acts properly discontinuously; the sets
Qi and Eq are both empty, the Kulkarni limit set is all of Pé and the Conze-Guivarc’h
limit set contains at least a complex projective line.

Proof. By Lemma 2.9 the group Z in 2.4.1 is a dual torus group with rank at least three.
By Lemma 2.5 we deduce Lo(Z) = P2, where Ly is the first set in Kulkarni’s limit set,
so there is no open set on which an extended Inoue group acts properly discontinuously.
Finally, we remark that by the last statement in the lemma above, the control group is
the additive group spanned by z and 1, so by 2.9 we conclude that the control group has
rank two and it is discrete. Note that the kernel of the control morphism is a dual torus
group of type III, so Eq and Qk, are both empty, the Kulkarni limit set is all of IP’(%
and the Conze-Guivarc’h limit set contains at least one complex projective line. O

The following is an immediate consequence of Theorem 2.7 and Lemma 2.9:

Proposition 2.11.

(1) The Inoue Kleinian groups have limit set a cone of lines over a circle, the kernel of
the control morphism is Z ® 7Z and the control group is Z.

(2) The Inoue non-Kleinian groups have limit set all of Pé, the kernel of the control
morphism is Z. ® 7 and the control group is Z.

(3) The extended Inoue groups are finite extensions of Inoue groups (Kleinian or not).
They have limit set all of ]P’(%, the kernel of the control morphism is ZF for some
k > 3, and the control group is Z ® 7.

2.5. Kodaira groups

There are:
a) Abelian Kodaira groups, Ko.
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b) Extended Kodaira groups C;, ¢ = 1,...,5. These are all non-Abelian; they are
finite extensions of Abelian Kodaira groups and they split into six types according to

their limit set and the control group. These are:

(1)

Groups K;, i = 1,2,3. These three classes are constructed in a similar way (see
Lemma 2.16 below).

e The groups K; have limit set a complex projective line and discrete control group.
e The groups Ky have limit set a cone of lines over a circle and non-discrete control
group.

e The groups K3 have limit set the whole IP’(?:.

The groups K4, K5 and Kg are obtained by a different type of extensions. These also
have limit set the whole of IP’(% and the three classes are distinguished by the rank of
their control groups, which are always non-discrete.

2.5.1. Abelian Kodaira groups

These are Abelian subgroups of fundamental groups of Kodaira surfaces; they are

finite extensions of dual torus groups of type I.

Definition 2.12. A Kodaira group is a discrete group in PSL(3, C) such that each element

in

the group can be written in the form:

S O =
S = 2
— Q o

We have:

Lemma 2.13. Let G be a Kodaira group, then G is, weakly-controllable and isomorphic to
Ker(G) ® C(G) where C(G) is the control group and Ker(G) is the kernel of the control
morphism. Also:

We have Rank G < 4

The Kulkarni limit set is a line.

Its complement Qg coincides with the equicontinuity set and is the largest open set
on which the group acts properly discontinuously.

The Conze-Guivarc’h limit set of the action on the dual ]IVD(% is a point, the dual of
Agwr, and it is the unique minimal set.

Proof. That the group is a direct sum as stated is immediate. The claim about the rank

fol

lows from [30]. Now let (g,,) C G be a sequence of distinct elements, then there exist

sequences (ay,), (by) C C such that:
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1 a, b,
g,=10 1 an| .
0 0 1
This implies that there exist a, b, c,d € C satisfying: |a| + |b| # 0, |c| + |d| # 0 and
0 a b 0 0 O
gn—=9 =|0 0 a|;and g5 ——>h =|c 0 0.
00 0 e d ¢ 0
Thus Ker(g) C éh e5. The rest of the proof is as in the elliptic case. O

The next result enables us to provide a normal form for the Kodaira groups.

Lemma 2.14. A group G is an Abelian Kodaira group if and only if there is W C C,
an additive discrete subgroup, R C C is an additive subgroup and L : R — C a group
morphism such that Rank(W) + Rank(R) < 4,

L(a)+a?/2 +w

1 a
G=Ko(W,R,L) = 0 1 ca € RweWw |
0 0

= 2

and

lim L(z,) + w, = 00
n—00

for every sequence (w,) € W and every sequence (x,) C R converging to 0.

As an example, consider w; = 1,wy = V2, ws = e™/* w, = /2e™/*, and let W be
Spangz{wy,ws, w3, ws}. Define L : W — C by setting L(1) = 271, L(v/2) = V2 — 1,
L(e™/*) =i+ 271, L(v/2e™/*) = \/2i + 1, and then extend by linearity:

4 4
L ZanJ = anL(w])
j=1 j=1
Then
1 a L(a)+a?27!
Ko(W,L) = 01 a aceW
0 0 1

is weakly-controllable and isomorphic to Z & Z & Z & Z. If we let II be its control
morphism, then a straightforward computation shows that its kernel Ker(II|x,w,r)) is
trivial and the control group is a dense subgroup of C.



W. Barrera et al. / Linear Algebra and its Applications 653 (2022) 430-500 449

Similarly, let W be now Spang({1,v/2,e™/*}) and define L : W — C as in the
previous example. Then,

0 1 T

1 z L(z)+2%/2 +ik
(I

:er,keZ}

is a weakly-controllable discrete group isomorphic to Z3 @ Z. We find that the kernel
of the projection to the control group is isomorphic to Z and the control group is non-
discrete and isomorphic to Z2.

2.5.2. Extended Kodaira groups K1, Ka, K3
Let W be a non-trivial additive subgroup of C and define a normal form:

1 0 w
hy=10 1 0|, weW—{0}.
0 0 1

Definition 2.15. An extended Kodaira group IC;, i = 1,2, 3, is a discrete group generated
by a normal form h,, and the normal forms ~; and g

1 1 0 1 z+2z y

g=|0 1 1|3 m=|0 1 z|;=zyz2eC.
0 0 1 0 0 1

That is: K:L = <hw,g,’71>.

Lemma 2.16. We have:

(1) The group is K1 < its control group is discrete < z € C \ R;

(2) The group is Ko < its control group is non-discrete and W has rank 1 < W has
rank 1 and z € R\ Q;

(3) The group is K < W has rank > 1 and z € R\ Q. In this case the control group
is automatically non-discrete.

As an example of type III groups take W = {(m + ni, k + li) € C? : k,l,m,n € Z},
a="b=0and ¢ =1, we get Heis (3, Z[i]), the Heisenberg group with coefficients in Z[i].

Lemma 2.17. The non- Kodaira groups IC;, i = 1,2, 3, can be written as:

1 0 w]ll 1 01"71 z4+2 y1™
K = 0 1 0|0 1 1 0 1 z| mmneZ,weW
0 0 1]10 0 1 0 0 1
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Hence these are semi direct products of the form (Z1"*W) s 7.) x 7. The kernel of the
control morphism is isomorphic to ZE*W)  The control group is isomorphic to 7 & 7
and it is discrete if and only if the group is of type Ky.

Proof. The proof is a direct consequence of Theorem 5.15. O

Lemma 2.18. For the non- Kodaira groups K1 and Ko one has:

o The Kulkarni discontinuity region coincides with the equicontinuity set and is the
largest open set on which the group acts properly discontinuously.

e The Conze-Guivarc’h limit set is the dual of Agy;. It is a point if the group is K1
and a real projective line if the group is KCs.

Proof. The proof is similar to the other cases. Let (g,) C K; be a sequence of distinct
elements. Then there exist sequences (ky,), (m,) C Z and (w,) C W such that: g, is:

0 1 kn+mpnz

1 kn+my,(z+2) %((kn—&-mnz)(kn+mnz—1)+mn(2y+z(—x+1—z))+2wn+mizac>]
b
0 0 1

and the inverse transpose matrix g, is:

1 0 0
—kn—mpr—mnz 1 0
1/2 (knJrkZ —2w,, —2Mmp y+2my ky (z+2)+m, (1+mn)z(z+z)) —kpn—mpz 1

Case 1. (k,), (my) are eventually constant. In this case w, —— oo and therefore

0 0 1
In —= 0 0 0].
oo oo
In the sequel we will assume that either (k,,) or (m,,) is a sequence of distinct elements.

Case 2. kn—i—mnzwue(c . S0 z € R — Q and therefore W has rank 1

and kn,mnnj oo . Let w € C* be the generator of W and define p, =

max{|mpyl|, 27 m,(2y + z(—z + 1 — 2)) + 2w,, + m2zx|}, so we can assume that there
are ai,b; € C such that

o (M, 27 (mp 2y + 2(—x +1 - 2)) + 2wnn—tn@%zx)) — (a1,b1) .

Thus

[O aix bl]
gn > 0 0 0 =g.
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For simplicity assume aq # 0, so there is [ € Z and (I,) C Z such that

21a7t =2y + 2(—lw+ 1 —2) +w lim (20,m,; " + my,zl)

n—roo

where r = limnﬁoo(%nm;1 + m,zl) € R. Now a straightforward computation shows:

Ker(g) = e, (2lw) " 2y + 2(1 — 2) + w(r — 12))es — e3 .

Case 3. h, = k, + m,z — oo . Let us define:
n—oo

1
pPn = Max {\hn + mpx|, |§(hn(hn — 1) 4+mn 2y + 2(1 — 2 — 2)) + 2w, + m?zx))|, |hn|}
Then we can assume that there are a1,b1,¢1 € C such that |ay| + |b1]| + |c1| # 0 and

p;l(kn + "nn(Jj + Z)) —Y = a1

n—00

Pt (5 (hn(hy = 1) +mp 2y + 2(1 =z — 2)) + 2w, +mj2z)) ——= b (2.2)

n—oo

ot (kn +mp2) —= .

Hence

0 ay b1
gn —— 0 0 ec|=g.
n—o0 O O 0

If ¢; # 0 we get that Ker(g) is either a point or él, e5, so let us assume ¢; = 0. Under
this assumption by equation (2.2) we deduce:
1 1

Pr Mn Sz T,

Pt (3 ((kn + mp2)? + 2w, + m222)) —— b1 —a127 a7 2y + 2(—z + 1 - 2)).

n—oo

At this point observe that in this case a; = 0 implies Ker(g) = gl, es, so we will assume
al 7& 0.

Claim 1. We have z € R. Observe that

lim m, ' (ky, +mp2) = lim (p,) " (ky +my2) - lim P a;’-0=0.
n—o00 n—o00 n—00 My,
Thus lim,, m;lkn =—z€eR.
As a consequence of the previous claim and Lemma 2.17 we deduce that W has rank
1 and z € R — Q. Moreover, by our previous analysis the only interesting case is W ¢ R.
As before let w be the generator of W, thus there are (I,,)n,>0 C Z such that
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0  27'Qu+z(—low+1—2)+s)
0 0 0

where s = limy, 00 my, ' (5 ((kn+my2)?+2l,w+m? zlw)). Now observe that the following
limits exist and they are finite.

: 1 : .
nh_>rr;o m_n(kn +mpz)?; 289 = 7}1—>H;o m (20, +m2zlp) .

Thus s = s1 + sow and

0 low 271(2y+2(1—2)+ s+ (s2 — lp)w)
g=10 0 0 )
0 O 0

which concludes the proof. 0O

2.5.8. Ezxtended Kodaira groups Ky, K5
These are similar to the previous groups, but with one and two more generators,
respectively. We introduce the following normal forms:

1 a4+c b 1 d+f e
Y2 = 0 1 cl, V3= 0 1 f )
0 0 1 0 0 1

with a, b, ¢, d, e, f € C. Notice that 71,72, s are matrices of the same type evaluated on
different parameters. In each case we will specify the conditions on all these parameters.

Let k,I,m € Z, w € W, with W as above, and x,a,b,c,d,e, f € C satisfy: a # 0,
{a,d,af —dc} C W, and let K4 be the group depending on all these parameters, defined
by

Ky = {hw-gk-%”-'yg : k,m,nEZ,wEW}.

We assume further that for every real line ¢ C C passing through the origin we have
rank(lNSpanz{1,c, f}) < 2. This condition springs from [32] where the author considers
the density properties of finitely generated subgroups of rational points on a commutative
algebraic group over a number field. Additionally the following restrictions should be
imposed over the coefficients in order to get discrete groups:

(1) if d =0 then f ¢ R;
(2) if ad™! ¢ R then there are 71,75 € Q such that

a(f —r1)

c=———"—1r9.

d
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We now take the previous KC4-groups and add one more generator. Define
Ks={hw-g" -4 -y AL - kymnleZ,weW},

where z,a,b,c,d,e, f,g,h,j € C are subject to the conditions: a(|d| + |g|) # O,
{a,d,g,dj — gf,af —cd,aj — cg} C W. Furthermore:

(1) If g = 0, then there are rq,r1, 72,73 € Q such that r; # 0 and

(rq — 7"0)2 + 4ryry < 0;

such that:

_rotrot \/(7‘2 —1r9)% + driry

2
a_d’l“g—?“():l:\/(7‘2—7“0)24—47“17“3.
N 27"1 ’
ro — 19 * o — 10 2—|—47“1’I“3
c=(f—ry) \/(27“1 ) -5

(2) If ad~! ¢ R, then there are ry, 79, 51,11, 82,12, 83,13 € R such that:

g=ria+rad, Toty Ft3,

= As £ (c+t2) VA, = As £ (cra +t3) VA
2 (’I“gtg — tg) ’ 2 (’I“th — t3)

where:

Ay = (—7r2s2 +r1ta — 53 — t1)% — 4 (r2s1ta — T180t3 + rasasy — ritita + sgt1 — sits) ,
Ao = — crosg — crite + ¢s3 — ct1 + rosato — Tltg + s3to — 2s2t3 — tita,

Az =79 (CTth + s3 (C+ 2t2) —ct1 — 82t3) + t3 (—rl (2C+ t2) — 83 — tl) — CT‘%SQ .

These groups have the following properties:

Lemma 2.19. The Ky and K5 groups are all weakly-controllable, discrete, with kernel
isomorphic to Z ® Z and their control group is non-discrete and isomorphic to Z ®
Z®Z and Z. ® Z ® Z & Z respectively. Moreover the Kulkarni limit set is IP’(Q: and the
equicontinuity regions is empty.

Proof. For the proof of this lemma see Lemma 5.24 and Propositions 5.25, 5.26. O

Remark 2.20. We notice that in these families we can have examples where the control
group II(K;) is non-discrete but is not dense in C, as well as examples where TI(fC;) is
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dense in C. The control group by definition is a subgroup of PSL(2, C), yet, in the cases
we consider here, each element in the control group is a translation, so we can think of
the control group as being an additive subgroup of C.

For instance, taking W = Z[i], t =b=e=d =0, f = i and ¢ an irrational number,
we generate a discrete group with a non-discrete dense subgroup of C as control group.
However, taking W = Z[i], t =a=b=e=0,¢c=1i,d=1and f = r + is, where
r,s € R satisfy that {1,7, s} is a Q-linearly independent set, then the corresponding
discrete group has a dense subgroup of C as control group. This shows that unlike the 1-
dimensional case where purely parabolic groups have very simple dynamics, in dimension
2 the two different dynamics described above, both fairly rich, exist for control groups of
purely parabolic groups. This type of behavior is important when studying non-discrete
subgroups of Lie groups, see for instance [27,32].

3. The classification theorems

We now provide a complete classification of the purely parabolic discrete subgroups
of PSL(3,C).

Theorem 3.1. Let G C PSL(3,C) be a complex Kleinian discrete subgroup. Then G does
not contain loxodromic elements if, and only if, there exists a normal subgroup Gy C G
of finite index such that Gq is purely parabolic and it is conjugate to one (and only one)
of the following groups:

1
2

(1) An Elliptic group as in Subsection 2.1.

(2)

(3) A dual Torus group of type I and II, as in Definition 2.4.
(4)

(5)

(6)

A Torus group, as in Subsection 2.2.

4) A Kleinian Inoue group, as in Theorem 2.7.
5
6

An Kodaira group, as in Example 2.5.1.
An extended Kodaira group K1 or Ks, as in Definition 2.15.

Theorem 3.2. Let G C PSL(3,C) be a discrete subgroup which is not Kleinian. Then
G does not contain loxodromic elements if, and only if, there exists a normal subgroup
Go C G of finite index such that Gg is purely parabolic and it is conjugate to one (and
only one) of the following groups:

(1) A dual Torus group of type III, as in Definition 2..

(2) A discrete non Kleinian Inoue group, as in Theorem 2.7.

(3) An eatended Inoue group, as in Definition 2.8.

(4) An extended Kodaira group Ks, as in Definition 2.15.

(5) An extended Kodaira group K4 or Ks, as in Subsection 2.5.3.

The rest of this article is devoted to proving Theorems 3.1 and 3.2.
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Concerning the dynamics we have:

Corollary 3.3. F Let G C PSL(3,C) be a complex Kleinian group. Then:

(1) The Kulkarni limit set Ap, is:
o A pencil of lines over a circle if it is a dual torus group of type II, an Inoue group
or extended Kodaira groups Ks.
e One line otherwise.
(2) Concerning the Conze-Guivarc’h set A}, of the action on the dual ]f”(% :
e Is either a point or a real projective line.

e It is a minimal whenever is a single point.

Proof. The proof of part (1) goes as follows. By Theorem 3.2, G is virtually conjugated
to one and only one of the groups given in Theorem 3.2. From Lemma 2.5, Theorem 2.7
and Corollary 2.10 we know the groups with limit set a cone of lines over a circle: these
are dual torus group type II, Kleinian Inoue and /Cy groups and for the remaining ones
in Theorem 3.2 its limit set is a line.

In order to proof of part (2) we apply Lemmas 2.2, 2.5, 2.13, 2.18, Theorem 2.7 and
Corollary 2.10, the Conze-Guivarc’h limit set is either a real projective line or a point. 0O

Concerning the region of discontinuity, this is empty in all non-Kleinian cases. In the
Kleinian case we have:

Corollary 3.4. Let G C PSL(3,C) be a purely parabolic complex Kleinian group. Then
Qw18 biholomorphic to:

(1) C2% if Ay is a line.
(2) In other case is C x (H™ UH ™) where H" is the upper half plane in C and H™ is
the lower half plane in C.

Proof. The proof follows immediately from Theorem 3.3 item (1) because when the limit
set is a line, then its complement in ]P’(% is biholomorphic to C2, and if the limit set is a
pencil of lines over a circle, then its complement is biholomorphic to C x (HTUH ™). O

4. Dynamics of triangularizable groups without loxodromic elements

In this section we use techniques of dynamical systems in order to show that discrete
subgroups of PSL(3,C) without loxodromic elements are triangularizable, see Theo-
rem 4.3. Moreover we show that these groups are either subgroups of Heis (3, C) or they
can be described in a very precise way, see Theorem 4.5.
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4.1. Purely parabolic groups are virtually triangularizable

Recall that a discrete group G C PSL(3,C) acts strongly irreducibly on IP’(% if there
are no points or lines with finite orbit. Also a group G C PSL(3,C) is affine if G has an
invariant complex line in IP’(%. Now we have:

Lemma 4.1. If G C PSL(3,C) is a discrete group without lozodromic elements, then G
is either affine or weakly-controllable.

Proof. By [3, Proposition 4.10], discrete groups in PSL(3, C) acting strongly irreducibly
on IP’(% contain loxodromic elements, so we can assume that there is a non-empty proper
subspace [ C ]P’(% such that [ has a finite orbit under the action of G. Observe that by
duality we can assume [ is a point; let 1, ..., [; be the orbit of [ under G.

Let U be the projective space generated by {l1,...,lx}; clearly U is G-invariant. We
claim that U is either a point or a line. Assume, on the contrary, that U = ]P’é. Letge G
be a parabolic element, then there exist s € {1,...,k} such that ls ¢ Ag,((g)) then I
has infinite orbit under the cyclic group (g), which is a contradiction. O

If G € PSL(3,C) does not contain loxodromic elements, then Lemma 4.1 implies that
G has either an invariant line or an invariant pencil of lines. The following lemma gives
restrictions upon the action of G on the invariant line or pencil.

Lemma 4.2. Let G C PSL(3,C) be a discrete group without loxodromic elements.

(1) If G is affine, then the action of G on the invariant line does not contain a subgroup
conjugate to a dense subgroup of SO(3).

(2) If G is weakly-controllable, then the control group of G does not contain a subgroup
conjugate to a dense subgroup of SO(3).

Proof. Let us prove only the case where G is weakly-controllable, the proof in the affine
case is similar. As before, let II be the projection to the control group. Let us proceed
by contradiction, let (gn,)nen be an enumeration of G and define H,, = II({g1, ... gm,))-
If each group is finite, then by the classification of subgroups in PSL(2,C) with finite
order, we conclude that for m large H,, is either cyclic or dihedral, and therefore the
control group II(G) is a subgroup of the infinite dihedral group; this is not possible since
II(G) is dense in SO(3). Now, applying Selberg’s Lemma to the H,,’s, we deduce that
II(G) contains an element with infinite order. On the other hand, since II(G) is dense
in SO(3) and by Tits alternative we conclude that for m large, H,, contains a rank two
free subgroup. To conclude, let g1, g2 € G be such that II(g;),I1(gs) generate a rank two
free group, then g1g297 "g; * has a lift p € SL(3,C), given by
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where B € SO(3) has infinite order and b € C?. Clearly p is non-diagonalizable, with
unitary eigenvalues and infinite order. Therefore G is non-discrete. 0O

Now we prove the following extension of the Lie-Kolchin Theorem [29], in which we
allow the existence of non-unipotent elements.

Theorem 4.3. Let G C PSL(3,C) be a discrete group without lozodromic elements. Then
there exists a mormal subgroup Gy of G with finite index such that Gy leaves invariant a
full flag in ]P’é. Hence the group Gg is simultaneously triangularizable.

Proof. Let G C PSL(3,C) be a discrete group without loxodromic elements. Then by
Lemma 4.1 we know that G has a proper non-empty projective subspace p invariant under
G. Here we prove the case where p is a point; the other case is analogous, considering a
line £ as a point in Iﬁ’é. Since G does not contain loxodromic elements, neither II(G) does,
and by Corollary 13.7 in [17] we have that P{ — Eq(II(G)) is either empty or contains a
single point. If P& — Eq(II(G)) is a single point, then G is simultaneously triangularizable.
So we assume P¢ = Eq(II(G)). Then Lemma 4.2 implies that I1(G) is either finite or it is
a subgroup of the infinite dihedral group Dih... If II(G) is finite, it is enough to consider
Go = Ker(Il|g). I II(G) C Dihs then consider Gy = {g € G : II(g) € Rots}. O

Corollary 4.4. Let G C PSL(3,C) be a discrete group without loxodromic elements, then
G is virtually finitely generated.

Proof. Since G does not contain loxodromic elements, we know that GG contains a finite
index subgroup which is triangularizable and therefore solvable. It is well known that
discrete solvable groups are finitely generated, see [2]. O

4.2. A Lie-Kolchin theorem for purely parabolic groups

The following is a slight extension of the Lie-Kolchin Theorem.

Theorem 4.5. Let G be a purely parabolic discrete group in PSL(3,C). Then G is either
virtually unipotent or it contains a subgroup of finite index which is conjugate to:

1 w 0
Gz{[() 1 01:11)61/[/,1162},
0 0 nw)

with W a discrete additive subgroup of C and n: W — S a group morphism.

This subsection is divided into four parts: in 4.2.1 and 4.2.2 we show that every
discrete solvable group with an irrational ellipto-parabolic element is commutative, see
Corollary 4.14. In Subsection 4.2.3 we give a list of all Commutative Lie groups of
PSL(3,C). Finally, in 4.2.4 we prove Theorem 4.5 and we also prove Theorem 5.20.
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4.2.1. Solvable groups with an irrational ellipto-parabolic element

Lemma 4.6. Let o € S' be an element with infinite order and a,b,c,z,y,z € C. If x,y
are not both zero, then the group

1 2 =z 1 a b
G<gllo 1 y],gzlo al c]>
0 0 1 0 0 1

Proof. Let h € PSL(3,C) be given by:

is non-discrete.

1 a(l—a)7! b
h=10 1 )
0 0 1

A straightforward computation shows:

1 0 btac(l—a3)t 1 z z+cx(l—a?)"!
hgoh™' = [0 a® 0 . hgh =10 1 y
0 O 1 0 0 1

We take a = ¢ = 0. Set g, = g5¢g195 " and observe that we have:

1 za—3" z
gn=959195" =10 1  ya’"
0 0 1

Clearly (g,,) contains a convergent sequence of distinct elements, proving the lemma. O

Lemma 4.7. Let a € S be an element with infinite order and xz,y,z, B, u,v € C. If z,y
are not both zero, then the group

1 2z =z 1 68 u
G_<gl_l0 1 y]aQQ_[O 1 V]>7
0 0 1 0 0 o3

Proof. Notice first that 5 = 0 implies that g, is an elliptic element with infinite order,

18 non-discrete.

which makes G non-discrete. So we assume that 5 # 0 and G is discrete. An easy
computation shows:
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where £ is a discrete additive subgroup of C2. Consider g = [g;;] = [g2, [92,¢1]]. Then g €
Gy and g13¢923 # 0, so after conjugating with an upper triangular element, if necessary,
we can assume that (1,1) € £. A straightforward computation shows:

1 0 1 1 0 o®(nB+1)
9310 1 1jg"=1|0 1 " ;

0 0 1 0 0 1
thus {a"(nB +1,1) : n € Z} C £. Now we claim:
Claim 1. The set A = {a3"*(nB+1,1) : n = 0,1,2,3} is R-linearly independent. Assume,
on the contrary, that there are rg,r1, 72,73 € R not all equal to 0, such that:

0 =30 gre®(jB+1,1)

= (23’:0 Tj a?’j ) O) + Z?:O ﬁrj agj (]7 1)

= Z?:o Brjagj (4, 1).
Thus {a®/(4,1) : j = 0,1,2,3} is R-linearly dependent, which is a contradiction.

Claim 2. A = {a¥(j,1) : j = 0,1,2, 3,4} is a Q-linearly dependent set. Observe that B =
{a39(Bj +1,1) : 5 = 0,1,2,3,4} is Q-linearly dependent; then using similar arguments
as in the previous claim, we get that A is Q-linearly dependent.

Claim 3. There is d € C* such that (d,0) € £. By Lemma 7.2, there exists ¢ € C* and
mo, ..., ms € Z such that

E mj Js a

thus
(¢f3,0) ij (jB+1,1).

Finally, let (m,) C Z be such that (a*™") is a sequence of distinct elements which
converge to 1 and d € C* is such that (d,0) € £. Then

1 0 d 1 0 o3mnd 1 0 d
gm:glgéom”—()]_o = |01 0

1 0 0 1

which is a contradiction, so G is non-discrete. O

Lemma 4.8. Let a € S be an element with infinite order and x,y,z, B, u,v € C. If x,y
are not both zero, then the group
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Lz y a? B op
G=(g1=10 1 2z|,g0=1] 0 1 v
0 0 1 0 0 1

Proof. Consider the group morphism p : PSL(3,C) — PSL(3,C) given by p([M]) =
(M?)~1 here M* denotes the transpose matrix of M. We claim that p(G) is non-discrete,
which will prove the lemma. For this, notice that Lemma 4.7 implies:

0 0 1 1 =z vy AN 0 0 1 1 —2 zx—y
010 0 1 =z 01 0|l=1]0 1 -z |,
100 0 0 1 1 00 0 0 1

00 17 /a3 8 x1°\ 70 0 1 1 —v 3B — )
01 0 0 1 v 01 0|l=1]0 1 —Ba?
100 0 0 1 1 00 0 0 o

is non-discrete.

and the result follows. O

4.2.2. Commutator group of solvable discrete groups containing irrational
ellipto-parabolic elements

In the following, if g € GL (3,C), then g;; will denote the ij-th element of the matrix
g.

Definition 4.9. Define a group U, in PSL(3,C) by:
g1 912 913
Uy = 0 g22 923 : 911922933 =1

0 0 g3
and the group morphisms IT* : Uy — Mob(C) and A2, Aez, A13 : U — C*, given by:

I ([9:))2 = 911929 2 + 912955
Mi2([g45]) = 911635
X3 ([gi]) = 922933
Ms([gi]) = 911933 -

Notice that the elements in Uy are equivalence classes of matrices. Yet, since different
representatives of the same projective transformation differ by multiplication by a scalar,
the above homomorphisms are all well-defined.

Lemma 4.10. Let G C Uy be a discrete group, then G contains a finite index torsion free
subgroup Go such that the following groups are torsion free: the control group II(Gy), the
dual control group I1*(Gy), A2(Go), M3(Go) and A23(Gp).
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Proof. By Selberg’s lemma, we can assume that G is torsion free. Now consider the
control group II|¢. Notice that:

Step 1. We can apply Selberg’s lemma to the group II(G) to get a finite index subgroup
G1 C TI(G) which is torsion free.

Step 2. Define G = f~1(G;) and notice this is a finite index subgroup in G.

Step 3. Using Selberg’s lemma again, we get a torsion free, finite index subgroup G of
G.

Step 4. Notice that G2, which is torsion free, has finite index in G and its control group
II(G2) also is torsion free. This proves the first statement.

We may now follow this same process with the groups Ga and IT*|g,, granting the
existence of a finite index, torsion free subgroup Gs of G for which IT*(Gs) is torsion free.
Notice this same process can be applied to the morphisms A12(Go), A\13(Go) ¥ A2sz(Go),
thus proving the lemma. 0O

The following corollary is an immediate consequence of Lemma 4.10 and it is of interest
in itself:

Corollary 4.11. Let G be an upper triangular discrete subgroup of SL(3,C). Then G has
a finite index subgroup that does not contain neither elliptic nor rational screws nor
rational ellipto-parabolic elements.

We refer to [16, Chapter 4] for the definition of rational screws, which are all loxo-
dromic elements.

Lemma 4.12. Let G C Uy be a discrete group such that the groups A12(G), Ae3(G), A13(G)
are torsion free. If g € G is an irrational ellipto-parabolic element, then g belongs to the
center of G, i.e., g commutes with every element of G.

Proof. Assume on the contrary, that there exists an element h = [h;;] € G such that
[g, h] # Id. Then there are x,y, z € C such that

1 =y
g, =10 1 =z|.
0 0 1

Now consider the following cases:

Case 1. We have o(A12(g)) = 0(A23(g)) = oo, where o( ) means the order. Since G is
discrete we deduce that A\13(g) = 1. By Lemma 4.6 we have x = z = 0 but y # 0. We
deduce II*[g, h] = [g, h] = Id, g13 # 0 and o(A13(h)) = oo, therefore



462 W. Barrera et al. / Linear Algebra and its Applications 653 (2022) 430-500

g11 9122 (M13(R))"g13
h"gh™ =10 g3 923
0 0 g11

So the sequence (h™gh™™),cz contains a subsequence of distinct elements which con-
verges to a projective transformation and G is non-discrete.

Case 2. We have o(A12(g)) = oo and Aa3(g) = 1. Since G is discrete we deduce that
g23 # 0. By Lemma 4.8, we deduce x = y = 0 but z # 0. Therefore II*[g, h] = Id and
0(A23(h)) = oo. Then:

R g G2 913
R"gh™™ =1 0 gi1 Ajs(h)ges
0 0 g1

Thus (h"gh™™),cz contains a subsequence of distinct elements which converges to a
projective transformation.

Case 3. We have o(A23(g)) = oo and Aj2(g) = 1. Again, since G is discrete we deduce
g12 # 0. By Lemma 4.7 we deduce z = z = 0 but y # 0. Therefore II[g, h] = Id and
0(A12(h)) = 00. As in the previous cases we get:

g1 Aps(h)giz g3
h"gh™™ =] 0 g11 923 |
0 0 gt

so (h™gh™™) contains a subsequence of distinct elements which converges to a projective
transformation.

Thus we have shown that under the assumption that G is not commutative we get
that G is non-discrete, which is a contradiction. O

Lemma 4.13. Let G C Uy be a discrete group such that the groups Ai2(G), A23(G),
A3(G) are torsion free. If G contains an irrational ellipto-parabolic element, then G is
commutative.

Proof. We consider first the case where o(A12(g)) = 0(A23(g)) = oo. Since G is discrete
we deduce that Aj3(g) = 1. Then there exists h € Uy such that

guu O a
hgh™' =10 g3> 0|,
0 0 g1

where a # 0. Since every element € G commutes with g we have

. Bi1 (22 b
hehl=1| 0 B2 0
0 0  pn



W. Barrera et al. / Linear Algebra and its Applications 653 (2022) 430-500 463

This shows that G is commutative.
We can apply similar arguments when either o(A12(g)) or o(A23(g)) is finite to show
that in all cases G is commutative. O

The following result is a consequence of Corollary 4.11 and Lemmas 4.12, 4.13

Corollary 4.14. Every discrete solvable group with an irrational ellipto-parabolic element,

1s commutative.

4.2.3. Abelian Lie groups
The following list of Lie groups is used in Theorem 4.16.

Definition 4.15. We set:

a2 0 0 L0 g
Clz{[o « ﬂ]:ae@*,ﬁec},(}z:{lo 1 vlzﬂ,ve(c},
0 0 « 0 0 1

1 a g 1 a B
03:{[0 i a]:a,ﬁec},cﬁ{[o i 0]:@,,66(3},
0 0 1 0 0 1

a 0 0
C5:Diag(3,(C):{lO B 0 :a,BG(C*} .
0 0 alpt

Theorem 4.16. Let G C Uy be a commutative group. Then G is conjugate to a group
G C Cj for some j =1,2,3,4,5.

This theorem is proved in the Appendix 6 at the end of this paper.
4.2.4. Proof of Theorem 4.5

Lemma 4.17. Let G C U, be a discrete torsion free group such that the group Ker(Il|g)
is trivial and each element in g € G has the form

a2 0 0
0 a B,
0 0 «
where | « |= 1. Then there exists W C C a discrete additive subgroup and a group

morphism 1 : W — S such that:
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Proof. Let us define ¢ : G — C by (([gi]) = g23gs3 - A standard computation shows
that ¢ is a group morphism and Ker({) is trivial. Then the following is a well defined
group morphism

n:¢(G) = C*
x = maa (¢ ().

Clearly

n(w)=2 0 0
G= { l 0 n(w) n(w)w] fw € C(G)} . (4.1)
0 0 nw)

We claim that the group ((G) is discrete. Assume on the contrary, that ((G) is
non-discrete. Then there exists a sequence (gn)nen C G of distinct elements such that

(C(gn))nen is a sequence of distinct elements and ((gn) —— 1. Then

0 n(¢(gn))  1(¢(gn))¢(gn)

l??(é“(gn))‘2 0 0 ]
gn = .
0 0 n(¢(gn))

Since n(G) C S we deduce that (g,) contains a convergent subsequence, which is a
contradiction. Therefore ((G) is discrete and we can take W = ((G). O

Lemma 4.18. Let G C PSL(3,C) be a discrete group where each element has the form:

a2 0 0
g=1]10 a O0f.

0 0 a

Then G is virtually cyclic.

Proof. Define p13 : G — R by p12(g) = log(|A\12]), clearly pi2 is a well defined group
morphism, Ker(pi2) = {g € g : |A2| = 1} and p12(G) is discrete. Let Gy C G be a
torsion free subgroup of G with finite index. Clearly pi2|q, is injective and p12(Go) is
cyclic. O

Now we complete the proof of Theorem 4.5. Let G C U™ be a discrete group which
contains an element gy which satisfies max{0o(A12(go)), 0(A23(g0))} = co. By Lemma 4.10,
G contains a finite index subgroup Gq for which the groups A12(Go), Aa3(Go), II*(Go),
II(Go) and Gy itself, are all torsion free and finitely generated. Then by Lemma 4.12,
G is. Therefore by Theorem 4.16 the group Gy is conjugate to a group Gog C G and
G lives either in Diag(3,C) or in Cy. Then the theorem follows from Lemmas 4.17 and
4.18. O



W. Barrera et al. / Linear Algebra and its Applications 653 (2022) 430-500 465

5. Discrete subgroups in Heis (3, C)

In this section we provide a full description of the discrete subgroups in

1 a b
Heis(3,C)=4¢ |0 1 c¢|:a,bjceC; .
0 0 1

We start with:
Proposition 5.1. The whole group Heis(3,C) is solvable and purely parabolic.

This follows from the fact that every element in Heis (3,C) has a lift to an upper
diagonal matrix with all eigenvalues equal to 1. Then the proposition follows from the
classification of the elements in PSL(3, C), see [16, Ch. 4].

We split this section in four parts: in Subsection 5.1, for each discrete subgroup G in
Heis (3,C) we construct a region where a subgroup acts properly discontinuously; as a
consequence we obtain Theorem 0.3 which is a decomposition theorem for G. In Subsec-
tion 5.2 we describe the subgroups of Heis (3, C) for which the kernel of the control map,
Ker(Il|g), is finite. The main tool here is the description of groups provided by Theo-
rem 4.16. In 5.3 we describe the complex Kleinian groups in Heis (3, C) with Ker(Il|g)
infinite. Finally, in 5.4 we describe the discrete non-Kleinian groups in Heis (3, C) with
Ker(Il|g) infinite.

5.1. A discontinuity region for discrete subgroups of Heis(3,C)

Let us consider G C Heis (3,C) a discrete group.

Definition 5.2. We set:

B(G) ={(gn) € G : (II(gy)) converges in PSL(2,C)};

L(G) ={S € SP(3,C) : there is (¢g,) € B(G) converging to S};
L(G)={te I?’é : there is S € L(G) satisfying Ker(S) = (};
Q(G) = P(% - UZEﬁ(G) t.

Now we have:

Lemma 5.3. For each ¢ € L(G) there exist a sequence (g,) C G of distinct elements and
P € SP(3,C), such that the sequence II(gy) converges to Id, (g,) converges to P and
Ker(P) =¢.

Proof. Let ¢ € L(G), then there exists a sequence (h,) C G of distinct elements and
P € SP(3,C), such that (II(hy,)) is a convergent sequence, h, converges to P and
Ker(P) = {. So we can assume that:
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1 z, yn 0 = y
hp,=10 1 =z, and P=|0 0 0.
0 0 1 0 0 O

Set a, = max{| xn |,| yn |}, then it is not hard to check that there is a subsequence
(my) C (n) such that a,a;!

m,, converges to 0 as n goes to co. Then

0 1 Zmn — Zn
0 0 1

L 1 Tm, —Tn —Yn +TpZn + Ym, — TnZm,
In = h; hmn = .

Clearly II(g,,) converges to Id and g, —=> P. O

Lemma 5.4. Let G be discrete and such that Ker(Il|g) is infinite and II(G) is non-trivial.
If Q(G) is non-empty, then:

(1) The group G acts properly discontinuously on Q(G);
(2) The set Q(G) is the largest open set on which G acts properly discontinuously.
(3) Each connected component of Q(G) is homeomorphic to R*.

Proof. We first prove (1). It is clear that ©(G) is open and G-invariant; also, since
Ker(M|g) is infinite and TI(G) is non-trivial, we have &, e5 C PZ — Q(G). Now let
K C Q(G) be a compact set and K(G) = {g € G : g(K)N K # 0}. Assume that K(G)
is infinite. Let (g,) be an enumeration of K (G), then there exists a subsequence of (g,),
still denoted (g,,), such that either (II(g,)) converges to a projective transformation

or l(gn) —— le2] uniformly on ¢3,e5 — {ez}. If (Il(gn)) converges to a projective

transformation, we can find a subsequence (h,) C (g,) and a € L(G) such that h,
converges to a. Thus Ker(a) € L(G) and Im(a) = {e1}, therefore the accumulation set
of {h,(K) :n € N} is {e1}. Now, if II(gn) ——= [e2] uniformly on &2, €5 — {es}, then

{(9n) : n e N} C {g e (G) : g(w(K)) N 7(K) # 0},

which is not possible since é1,e3 C P& — Q(G) and we have proved Part (1).

Now we prove (2). Let  C IP’(% be open, non-empty, G invariant and such that G acts
properly discontinuously on © and ¢ € £(G). Then there are (g,) € B(G) and P € L(G)
such that Ker(P) = ¢ and (g,) converges to P. By Lemma 5.3 we can assume that
II(gy) converges to Id. Proceeding as in Lemma 5.3, we conclude

1 —Tp Tpln — yn
0 0 1 e

By Lemma 1.14 we deduce £ N Q = 0.
Now we prove (3). If TI(G) is discrete, then Q(G) is Q(Ker(Il|g)) by definition. From
the definition of Q(Ker(Il|g)) we get that Q(Ker(Illg)) = Eq(Ker(Illg)) and from
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Example 2.3 we know that Eq(Ker(Il|g)) is either C% or (C x H*)U (C x H™), proving
the claim. So we now assume that II(G) is non-discrete; define

G =&en |J ¢,

LeL(G)

then C(G) is a closed II(G)-invariant set in &3, 3, so C(G) is closed in P2 and TI(G)-
invariant set. Since II(G) is non-discrete, there exists an additive Lie subgroup H C C
such that II(G) = {z +b: b € H}. Since C(G) — {e2} = II(G)(C(G) — {e2}), we deduce
that ]P’f: — Q(@Q) is a pencil of lines over a union of real projective lines in m), which
are pairwise parallel in &, ¢4 — {ea}. Thus each connected component of Q(G) is a fiber
bundle over R x R with fiber C, hence homeomorphic to R4, O

Definition 5.5. We say that the sequences (a,,b,), (Tn,yn) C C? are co-bounded if both

|an|+]bn ]|
[0 [+]yn]

sequences converge to oo and the sequence < ) is bounded and bounded away
from 0.

Lemma 5.6. Let (ay), (bn), (¢n), (Zn), (Yn), (zn) C C be sequences of distinct elements
such that:

¢n) and (z,) converge to 0,
Uy o), (T, Yn) are co-bounded;

ap 1 bp] ———= la:b] for some a,b;

[
[Tn 1 yn] —— [z :y] for some z,y;
[

4 n—oo
5) [a:b] # [z:y].

Then there exists w € C\ {0} such that for each k,m € N \ {0} we get:

1 an b,7%71 2n y]™ 0 ka+mzw kb+ myw
gln,k,m)=10 1 ¢, 0 1 =z, —= |0 0 0
0 0 1 0 0 1 o 0 0

Proof. Define r, = maz{|an]|,|bnl}, sn = maz{|z,|,|yn|} and ¢, = max{s,,r.}.
Since (an,bn), (n,yn) are co-bounded we can assume there are r,s € R\ {0} such
that r,t,! — > rand spt ! — = 5. Moreover, since [a, : b,] —— [a:b] and
[Zn i yn] —— [z :y], we deduce that there are u,v € C* such that

n—roo

rot(an, by) —= u(a,b),

Sp (@noyn) Tz v(zy)

Then an easy computation shows:
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0 ka+mzw kb+myw
gln,k,m) —— |0 0 0 ,
n—oo
0 0 0

where w = vs(ur)™t. O

Lemma 5.7. Let G C Heis(3,C) be a Kleinian group such that II(Q) is non-discrete and
P& — Q(G) contains more than a line. Then II(G) is isomorphic to R.

Proof. We have that II(G) is a non-discrete subgroup of C, thus II(G) must be iso-
morphic to C, R & Z or R, see Theorem 3.1 in [33]. Since G is complex Kleinian we
deduce that II(G) is isomorphic to either R & Z or R. Let us assume that II(G) is
isomorphic to R & Z. After conjugation, if necessary, we can assume that there exists
s > 0 such that II(G) = {r + msi : r € R,m € Z}. Moreover, since £(G) contains more

than a line, we can find a line ¢ € L(G) containing e; such that £ = e,[0:u:1
where Im(u) # 0. On the other hand, by Lemma 5.3 we can find (g,) C G and
P € SP(3,C) such that II(g,) ——Id, g, ——= P and { = Ker(P). Thus there

are sequences (an), (bn), (cn) C C such that maz{|an|, |by)} —= 00, cn —>0,

[an 1 bp] ——>a:b] and

1 a, b, 0 a b
gn=10 1 ¢,|; P=]0 0 0f. (5.1)
0 0 1 000

Thus £ =[0:b: —al,e; and b = —ua.

Claim 1. There are functions f : Z — {real projective subspaces of &, estand f1 : Z —
C such that:

1) Sgn(Im(fi(m))) = Sgn(—m) for m large, here Sgn is the function sign;

2) [Im(fi(m))| ——= o0;

|m|—o0

(1)

(2)

(3) the point [0:b: —a] is in (,,cz f2(m);

(4) for each m € Z we have [0: f1(m) : 1] € fa(m);
(5)

5) Umez Upesa(m) €10 C PE\ Q(G).
Let h € G be of the form

1 =z y
h=|0 1 4s| , with z,yeCandseR.
0 0 1
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If g,, is given by Equation (5.1), then for each m € Z we have:

1 a, b,—c,mz-+isma,
h™ Mg, h™ =10 1 Cn —= 0 0 0
0 0 1 e lo 0 0

[0 a b+ isma]

If for each m € Z we apply Lemma 5.6 to the respective sequences induced by the
sequences (gn)nen and (h~™g,h™),en we deduce there exists w,, € C* such that:

Cm = U e1,[0 : kbw,, + (b + isma) : —kaw,, — la] C PZ — Q(G) .
klEZ.

If for each m € Z we define g2(m) as the closure of the set

[Spanzg ({wm (b, —a), (b + isma, —a)}) — {0}],

then by Lemma 5.11 in [3] we have that go(m) is a real projective space that contains
[0:b: —a]. Now define fi(m) = u — ism and observe that Cpy = Uey,(m) &P and
[0:u—isma:1] € fa(m) for all m € Z.

To conclude the proof let f; and f; be the functions given above, then

o(U U ad|-U U @p=rz.

mEZ p€ fa(m) meZ pell(G) f2(m)

This yields (G) = 0, which is a contradiction. O

The proof of the following lemma is straightforward and it is left to the reader:

0 a b
hC:{<0 0 c>:a,b,c€(C}.
0 0 O

Then the map exp : he — Heis(3,C), given by

0 a b 1 a b+2tac
exp(0 O c¢c|]=10 1 c
0 0 O 0 0 1

is a diffeomorphism with inverse log : Heis(3,C) — hc given by

1 a b 0 a b—2"tac
log|0 1 ¢|=|0 0 c .

Lemma 5.8. Set:

0 0 1 0 0 0
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Now we prove Theorem 0.3 stated in the introduction:

Proof. Let us show part (1). We know that G is finitely generated, therefore II(G) is
finitely generated. If n = rank(II(G)), let H = {g1,...,9n} C G be such that II(G) is
generated by II(H). Let us consider the following equivalence relation in G: let us say
that a ~ bif and only if [a,b] = Id. If Aq,..., A, are the equivalence classes in G induced
by ~, then define By = Ker(Il|g)) and B; = (A;). Now it is clear that G = By X+ - - X B,,.

Now let us prove Part (2). Let {hq,...ht} C Ker(Il|g) be a minimal generating set
for Ker(Illg) and let {g1,...,9n} C G be such that {II(g1),...,II(gn)} is a minimal
generating set for II(G). Set

k n
Zozjlog(hj) + ZﬁjIOg(gj) kil el

Claim 1. If h¢ is as in Lemma 5.8, then V is an additive subgroup of h¢ with rank n+ k.
For this, assume there are a;, 8;’s in Z such that

J = Zajlog —|—Zﬁjlog g;) =0.
j=1
We can assume that the g; and h; can be expressed in the following way:

1 Uj Uy 1 Tj Yj
0 1 Ofandg;=|(0 1 2z|.
0 0 1 0 0 1

h; =

Since the h; generate Ker(Il|g) we have that Spanz{(u;,v;) : j =1,...,k} is discrete;
and since the II(g,) generate II(G) we get that {z1,...2,} is a Z-linearly independent
set. An easy computation shows:

k _
0 Z 1%“3‘1'2 —1 Bjz; Z 1%“3"‘2 _1 Bily; —2 133]'23')
J=10 0 ZJ 1Bz
0 0 0

Since exp(J) = Id, we get the following system of equations:

Z aju; + Zﬁjxj =0,
j=1 j=1
> Biz =0,
j=1
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Since {z1,...z,} is linearly independent over Z we conclude 8; = ... = 3, = 0. Hence
Z§=1 a(uj,v;) = 0 and therefore a; = ... = a; = 0, proving the claim.
Let us define

VI[G,G] = {h € Heis (3,C) : h* € [G,G]}.
It is clear that /[G, G] is a discrete subgroup contained in the center of Heis (3, C).

Claim 2. <GU \/[G,G]> is a discrete subgroup of Heis (3,C). Assume, on the con-

trary, that there exists a sequence (f,) C <G U+/IG, G]> of distinct elements such that
fn ——z Id, thus f? — = Id. Since (f2) C G and @ is discrete we deduce f2 = Id

for n large, which is a contradiction.

Claim 3. log (éGU «/[G,G]>> is an additive discrete subgroup of hc. For this, let
a,b,c,z,y,z € C be such that:

T e (b5 cun(feuvin))

0 0 0 0 0 0

An easy calculation shows:

1 0 27(az —cx)
exp(y1 — 72) = exp(71)exp(y2)” [0 1 0 :
0 1

and

1 0 27Yaz—ca)

0 1 0 = [exp(711),exp(12)] -

0 0 1
Hence exp(y1 — <G U+/I[G, G] > Since exp is a diffeomorphism with inverse log,

Claim 2 implies that log (<G UG, G]>> is an additive discrete group.

To finish the proof of Part (2) we notice that V is a subgroup of the additive discrete
group log (<G U \/[G,G]>> C hc and dimg(hc) = 6.

Now we prove Part (3). Let us assume that G is complex Kleinian. By Lemma 5.7, G
leaves invariant each connected component of Q(G), and each of these is contractible
by Lemma 5.4. Hence, by Theorem 1.17, the obstruction dimension of G satisfies
obdim(G) < 4. On the other hand each Bj is a finitely generated, torsion free group, and
it is well known that this kind of groups are semi-hyperbolic, see [1]. Therefore Corol-
lary 1.18 yields Y7, obdim(B;) < obdim(G) < 4. Finally notice that B; = Z* for some
k; and obdim(B;) = k; = rank(B;) by [11, 2.2]. O
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Corollary 5.9. If G C Heis(3,C) is a discrete group, then G is polycyclic.

Recall that polycyclic means that the group is solvable and every subgroup is finitely
generated. Polycyclic groups actually are finitely presented [23].

5.2. Triangular purely parabolic groups with trivial kernel

In this subsection we study purely parabolic groups with an invariant full flag and
finite kernel. Now recall from Section 4.2 that U is the subgroup of PSL(3, C) of classes
of upper triangular matrices (g;;) with g11922933 = 1, and we defined a group morphism
IT* : Uy — Mob(C) by

I1*([9i5])2 = 911955 2 + 912925 -

Lemma 5.10. Let G C Heis(3,C) be a commutative discrete group. If Ker(Il*|g) and
Ker(Il|g) are trivial, then there exist W C C an additive subgroup and L : W — C a
group morphism such that:

(1) The group G is conjugate to:

L(g) +271¢?

Ko(W, L) = Lew

o O =
O = U
—

(2) The Kulkarni limit set is:
Agu(Ko(W, L)) = & €5 = P& — Eq(L),

and its complement A (Ko(W, L)) is the largest open set on which the group acts
properly discontinuously.

(3) The group Ko(W, L) is free with rank at most four.

(4) If W is discrete then L admits a linear extension to the real vector space Spang (W).

Proof. Let us show Part (1). Consider the following auxiliary function

(:G—C?
g+ (ma(g), m23(g)) -

By definition ¢ is a monomorphism. Set

k:((G)—C
x — m3(¢ ().

It is clear that we have:
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1 m(z) k(x)
G=<10 1 ma(x) | iz eW 5.
1

0 0
Now let z,y € ((G), then A = B where A, B are:

1 m(z) k(@)1 my) k)
A=|0 1 m2) [0 1 m(y)]
0 0 1 0 0 1

1 m(z+y) kx)+m(x)m(y) + K(Y)
=10 1 m(x-i—y)

L0 0 1

(1 m(y) w(y) ][l mz) w(=)

[

0 0 1 0 0 1

1 m(z4y) k@) +m(y)m(z) + k(y)
=10 1 ma(x + y)

L0 0 1

Then for every z,y € ((G) we have:

K(x +y) = K(x) + K(y) + m(z)m2(y),
m1 (@) T2 (y) = m1(y)m2(2) .

By Lemma 7.3 there exists an additive subgroup W C C and u € C* such that {(G) =

W (1, u). Let us define
1 0 0
h=|0 p 2 0 |,

0 0 M1/2

{[1 £ K(E) }
RGh™ =10 1 & |:€eWy,,
00 1

where K : W — C satisfies K(&1+&€2) = ®(&1)+R(&2)+E&1&2. To conclude define L : W — C
by L(£) = K(€) — 271€2, then:

and observe that:

L& +&)=RG+&) -2 &G+ &) =R(&)+R(&)—271¢ —27'¢ = L(&) + L(&),

proving Part (1).
Let us prove Part (2). Let (¢.,) C G be a sequence of distinct elements of G, then
there exists (z,,) C W a sequence of distinct elements such that
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! mmk;zl k;Ll(L(xm> + x2/2)
1 ka;Ll ,

0 kot

m

where k., = max{|zn|, |L(zm) + 22,/2|}. If (gn,,) is a subsequence of (g,,,) such that
(gn,,) converges to P € SP(3,C) — PSL(3,C), then there are a,b € C such that | a | + |

b|# 0 and
0 a b
0 0 af.

0 0 0

P =

This shows that Eq(G) = Pg — &1, €5 = C2 since, by Proposition 1.6, Eq(G) C Qkw(G)
and Ag.(G) always contains a line. Then Eq(G) = Qg (G). If Q C P is any open set

on which G acts properly discontinuously, then IP’(% —  contains a complex line, say /.
If g € G —{Id}, then g"¢ ——= &L es.

In order to prove Part (3) we observe that G is an group acting properly discontin-
uously and freely on C2, thus the rank of G must be at most four, see the proof of
Proposition 5.9 in [4]. The last part of the theorem is immediate. O

As a consequence of Lemma 5.10 in [3] we get the following result.

Lemma 5.11. Let G C Heis(3,C) be a commutative discrete group, then:

(1) If Ker(IT*|g) is non-trivial, then there is a discrete additive subgroup L of C? with
rank at most four, such that:

1 0 vy
G:{lo 1 z]:(y,z)eﬁ}.
0 0 1

(2) If Ker(Il|g) is non-trivial, then there exists a discrete additive subgroup £ C C?

such that:
1 x vy
G:ﬂo . o]:xeg}.
0 0 1

Moreover, if G is complex Kleinian, then L has rank at most 2.
5.83. Groups with infinite Kernel

We consider now discrete groups G C Heis (3,C) whose control map has infinite
kernel, i.e., Ker(Il|g) is infinite.

Lemma 5.12. If G is complex Kleinian group with infinite kernel, then:
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(1) We have that Ker(Il|g) = Z* where 1 <k < 2.

(2) We have that Agu(Ker(Illg)) = Lo(Ker(Il|g)) is either a line or a pencil of lines
over a circle, where Lg is as in Definition 1.5.

(3) If the set Agwi(Ker(Illg)) is a line, then there exists a discrete additive subgroup
W of C such that G is conjugate to:

1 0 w
GW_HO i o];wew}
0 0 1

and rank(Ker(Il|g)) < 2.

(4) If Akwi(Ker(Il|g)) is a pencil of lines over a circle, then the rank of Ker(Il|g) is
two and the groups II*(Ker(Il|g)) and mog(Ker(Il|g)) are non-trivial.

(5) If the group II(G) is non-trivial. Then the group II*(Ker(Il|g)) is non-trivial if and
only if Axw(Ker(Il|g)) is a pencil of lines over a circle.

Proof. The proofs of parts (1) and (2) follow from Example 2.3. Let us prove Part (3).
It is clear that there exists £ C C? an R-linearly independent set such that G = T*(L),
where G = T*(L) is given as in Example 2.3. We know that

A (Ker(Tl|g)) = U m,

peS

where S is the closure of the set {Spanz{(y,—z) : (z,y) € L} \ {0}}. Since
A (Ker(Il|g)) is a single line, from Lemma 2.3 we deduce that S is either a sin-
gle point or it contains exactly two C-linearly dependent vectors. Let us assume that
S contains exactly two C-linearly dependent vectors, the other case is similar; so there
exists @ € C and (z,y) € L, such that one has:

{ [1 (n+ma)r (n+ ma)y] }
G= 0 1 0 m,meZL;, .
0 0 1

Let r € R* be such that x # yr, then a simple computation shows:

1 0 0171 (n+ma)z (n+ma)y][L 0 07" 1 0 m+na
0 » 1]1(0 1 0 0 r» 1 =10 1 0 ,
0 =z y] O 0 1 0 =z vy 0 0 1

proving (3). Notice that Part (4) follows from Example 2.3, so let us prove (5).
Since II*(Ker(Illg)) and II(G) are both non-trivial, we deduce that there are
a,b,x,y,z € C and g,h € G such that az # 0 and

1 a b 1 z
g=10 1 0]; h=1]0 1 =z|.
0 0 1 0 0 1
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By a straightforward computation we find:

1 a b—az
hgh™' =10 1 0
0 0 1

In order to conclude the proof we only need to observe that (a,b) and (a,b — az) are
C-linearly independent vectors. 0O

As in [3], we use the notation u(U) to denote the maximum number of complex
projective lines in general position contained in ]P’«% -U.

Lemma 5.13. Let G C Heis(3,C) be complex Kleinian group such that II(G) is non trivial
and Qg (Ker(Il|g))) = 2, then

(1) The group TI(G) is discrete.
(2) The rank of II(G) is equal to one.

Proof. Assume II(G) is not discrete. Then we can assume there exists a sequence (g,) C
G such that II(g,) is a sequence of distinct elements converging to Id. On the other
hand, since A (Ker(Il|g)) is a pencil of lines over a circle, there exists g € Ker(Il|g)
such that I1*(g) # Id. If g,, and g are given respectively by

1 a, b, 1 =y
gn=10 1 ¢|; g=10 1 0],
0 0 1 0 0 1
then
1 =z y—=zc, 1 =z vy
gnggyt =10 1 0 — |0 1 0},
0 0 1

which contradicts that G is discrete.
Now we assume that II(G) has rank > 2. Let hj,ho,h € G be such that
(TI(h1),TI(he)) = TI(G), h € Ker(Il|g) and I1*(h) # Id. Set:

1 a b 1 =z vy 1 uw v
hy=10 1 ¢|; ho=10 1 2|; h=1]0 1 0],
0 01 0 0 1

then
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Then {(u,v), (0, —uc), (0, —uz)} is an R-linearly independent set, which is not possi-
ble. O

Proposition 5.14. If G C Heis(3,C) is complex Kleinian such that II(G) is non trivial
and p(Qgu(Kerll|g)) = 2. Then there exist x,y € C, p,q,r € Z such that p,q are
co-primes, q* divides r and G is conjugate to

H

0 1 m
1

1 k+lIpg '+ mz lr_l—i-m(k—i—lpq_l)—‘r(gn)x—i-my
0 0

:(k,l,m)eZ} .

Proof. By Lemma 5.13 we know that II(G) is discrete and has rank equal to 1; and by
Lemma 5.12 we have rank(Ker(Il|g)) = 2 and II*(Ker(Il|g)) is non-trivial. Thus by
Theorem 0.3 there exist {(a,b), (¢,d)} a C-linearly independent set and u, v, w € C such
that

1 ka+lec kb+1d] 1 uw o]1"
G=<1|0 1 0 0 1 w| :kilneZy, (5.2)
0 0 1 00 1
aw # 0. A simple computation shows:
Lo o]t a b2 0 0] 110
0 1 270 1 0jjo 1 2] =101 0|=g,
0 0 w|l0O 0 1 0 0 w 0 0 1
Lo ol edp[to o] [1 e 4t
0 1 2 [0 1 0] 01 2 =10 1 0 =ga,
0 0 w|l0 0 1 0 0 w 0 0 1
Lo o]t ow o[t 0 0] 1w oo bu
0 1 g 0 1 w 0 1 g 0 1 1 = g3
00 w|/LlO O 1]]0 0 w 0 0 1

Now by Equation (5.2) we deduce that
G1={g19295 : k,l,n € Z}
is a group conjugate to G. On the other hand, G is a group if and only if
939:95 "+ € (g1, 92) for i =1,2.
The last statement is equivalent to
(0,1),(0,ca™t) € Spanz ({(1,0), (ca™*, (aw) ™ (d — bea™1))}).

Now the conclusion follows from Lemma 7.4. O
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Proposition 5.15. Let G C Heis(3,C) be complex Kleinian such that Agu(Ker(Il|g)) is
a line and TI(G) is discrete. Then G is conjugate to one of the following groups:

(1)

1
T(L) = 0 (y,2) €L, (5.3)
0

o = O
— N <

where £ C C? is an additive subgroup such that mo(L) is discrete.

(2)

1 o L(x)+2?/2+w
ICQ(Wl,WQ,L) = 0 1 x rwe Wa,xeWy o, (54)
0 0 1

where W1, Wy C C are additive discrete subgroups and L : Wy — C is a group
morphism.

3)

IC:

1 0 wlfl 1 211 a 5™
01 0llo1 1| |01 ¢ :mnezwew, (55
0 0 1 0 0 1 0 0 1

where W C C is an additive discrete subgroup, a —c € W and ¢ ¢ R.

Proof. Since II(G) is discrete we deduce Ker(Il|g) and II(G) are torsion free Abelian
groups with rank less than or equal to 2. For simplicity we may assume that
rank(Ker(Il|g)) = rank(II(G)) = 2 since, as we will see in the proof, any other possi-
bility will be covered by this case. Now by Theorem 0.3 there exist W C C an additive
discrete subgroup with rank 2 and a, b, ¢, z,y, z € C such that:

1 0 wlfl =z y]™[1l a b]"
a={lo 1 ollo 1 2| |01 ¢| weWmnezb, (56
0 0 1 0 0 1 0 0 1

and zc~! ¢ R. Now consider the following cases:
Case 1. b — za = 0. Let us consider the following sub-cases:

Sub-case 1. © = a = 0. Then from Equation (5.6) we see that G is conjugate to the torus
group given by Equation (5.3).

Sub-case 2. xa # 0. Observe that:

10 o0t 0wl oo 1 0 wxz)™?
go=10 1 0[]0 1 0[O0 1 of =01 0 ,
0 0 2|0 O 1 0 0 =z 0 0 1
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-1

L ool z gyt 0 o0 11 X
gzOlOOlz]OlOzOll,
0 0 z[|0 O 1 0 0 =z 10 0 1
19 0]t a 5[t 0 0] [1 &
h=o1oo1c101o=01g
0 0 20 0 1 0 0 =z 0 0 1

By Lemma 5.10 there exists a group morphism L : Wi = Spangz({1,ax=1}) — C such

that:
1 7 L(r)+271r?
(h,g)=<10 1 r reWy .
0 0 1

Now by Equation (5.6) we have that G is conjugate to an Abelian Kodaira group as in
Equation (5.4).
From Lemma 5.12 it is clear that the previous cases cover all the possibilities for the

case b — za = 0.
Case 2. b — za # 0.

Sub-case 1. x = 0, a # 0. The following equations:

Lo o]rr o wl[t oo 1 0 wlaz)™
go=10 1 offo 1 of|0 1 0] =]0o1 0o |,
00 2[00 1]]o 0 =2 00 1
L0 o]t 0 gyt o0 0] " 10 £
g=16 1 0|0 1 2| |0 1 0] =[0o1 T],
0 0 2|10 0 1J|0 O =z 10 0 1]
(20 o]t a 572 0 0] " [1 1 2]
h=|0 1 0|0 1 ¢||0 1 0] =]0o 1 %,
_0 Oz_ 10 0 1] _O Oz_ 0 0 1]

together with Equation (5.6), imply that G is conjugate to a group of the form given by
Equation (5.5).

Sub-case 2. x # 0 and a # 0. Then analogous arguments show that G is conjugate to a

group of the form given by Equation (5.5). O
In a similar way one can show the following proposition:

Proposition 5.16. Let G C Heis(3,C) be a commutative complex Kleinian group such that
Ker(Il|g) is infinite and II(G) is non-discrete, then:
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(1) If1I*(Q) is trivial, then there exists £ C C? an additive discrete subgroup of rank at
most four, such that mo(L) is non-discrete and G is conjugate to:

1 0 a
'T(L'):{lo 1 b] :(a,b)eﬁ} .
0 0 1

(2) If II*(Q) is non trivial, then there exist additive subgroups Wi, Wy C C such that
W1 is non-discrete, Wy has rank 1 and G is conjugate to:

1 o Lx)+2?/2+w
Ko(Wi,Wa, L) =< |0 1 x cw € Spang (Ws), x € Spang (W)
0 0 1

where L : Wy — C is a group morphism.

Lemma 5.17. Let a,b,c € C and r € R — Q, and let G C Heis(3,C) be the group given

by
1 1 0 1 a+7r b
G=(A=1]0 1 1|,B=|0 1 r .
0 0 1 0 0 1
Then

(1) G is commutative if and only if a = 0.
(2) If a #0, then P& — Q(G) is a cone of lines over a circle.

Proof. The proof of Part (1) is straightforward. To prove Part (2) notice that Theo-
rem (.3 implies:

1 (m+nr)+na ak+ m +mnr+ n r(r+a)
G:{gmnk: [0 1 (2) m+nr(2) :kamanez
0 0 1

By elementary algebra we have:

a(2k +n%r) +rn(—a —r + 1) + (m +nr)? — (m + nr)
2

= ak + (’;) + mnr + (Z) r(r+ a). (5.7)

Claim 1. P2 — Q(G) contains more than one line. To prove this claim it is enough to
show that P& —Q(G) contains a line different from &1, ¢5. Let (ay), (by) € Z be sequences

such that a,, + bna = 0 ; let us assume that all the elements in the sequence (a,)

are either odd or even. Let kg € N be an even number such that
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kola| > |r(—a —r + 1),

and define the following sequence:

(27, (an + ko +1) ifa,isodd,
Cn = 271, (an + ko) if a,, is even.

Clearly (¢,,) C Z and

0 2¢ wo+r(—a—r+1)
ganybnycn = g = 0 0 0 ?
n—oo 0 0 0

where wy is either kg or kg + 1. Hence Ker(g) is a complex line distinct from & es.

Claim 2. PZ — Q(G) is contained in a pencil of lines over an Euclidean circle. Let

(an), (bn), (cn) € Z be sequences such that a, + bnaﬁ 0 . Assume that

0 x y
gan,bn,cnn_?g = 8 8 8 .

If © # 0 we get:

v =lim, o 2(ay + b7 + bra)b, b = 2a,
Yy =lim, oo(a(2e, + b27) + 10 (—a — 17+ 1) + (an + bpr)? — (a, + b,7))b; !
=r(—a—7r+1)+alim, o (2c,b, 1 + b,r).

Thus y = sa + 1 — r for some s € R. Therefore:

]P’é—Q(G)Cgl,egu Uel,[O:sa—i—l—r:—Qa].
seR

Finally, since II(G) is conjugate to a dense subgroup of R and P& — Q(G) has more
than two lines we deduce P& —Q(G) contains a pencil of lines over an Euclidean circle. O

Lemma 5.18. Let G C Heis(3,C) be a non-Abelian Kleinian group such that Ker(Il|g)
is infinite and II(G) is non-discrete, then:

) The set Ay (Ker(Il|g)) is a complex line;

2) The set P& — Q(G) contains more than one line;
) The group II(G) is conjugate to a subgroup of R;
) The rank of the group II(G) is equal to two.
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Proof. Part (1) follows from Lemma 5.13. Let us prove (2). Since G is non-commutative,
there are x,y, z,a,b, ¢ € C such that {z, ¢} is R-linearly dependent but it is a Z-linearly
independent set and also: xc — az # 0 and

1 = vy 1 a b
g=10 1 2z|,h=1]0 1 ¢
0 0 1 0 0 1

ed.

Since [g, h| # Id we can assume = # 0. A simple computation shows:

-1

L0 0]t =z ][t 00 110
00 z|[0 0 1[0 0 z 001
Lo 0]t e b2 0 0] 12 Lo
hi=10 1 2110 1 ¢||0 1 2| =]0 1 <
00 z|[0 0 1]]0o 0 = 0 0 1

Then Part (2) follows by applying Lemma 5.17 to the group (g1, h1).

The proof of (3) is immediate from Lemma 5.7, so let us prove Part (4). Assume that
G has a non-commutative subgroup H of type K4 such that II(H) is non-discrete and
has rank 3. Since H is not commutative, by Theorem 0.3, the previous parts of this
lemma and after conjugation, if necessary, we can find an additive discrete subgroup
W cCC,a,b,c,rs,t € C such that a # 0, {1,¢, ¢} is R-linearly dependent but Z-linearly

independent and:

1 0 w][L 1 01"[1 a+c b]™[1 r+t s1*
H= 01 0[]0 1 1 0 1 c 0 1 t| :kmneZweW,.
0 0 0 0 1 0 0 1

Since H is a group, this means a, r, rc—at € W. By Kronecker Theorem [32, Theorem 4.1],

W is non-discrete, which is a contradiction. O
The proof of the following proposition is left to the reader.

Proposition 5.19. Let G C Heis(3,C) be a non-Abelian complex Kleinian group such
that Ker(Il|g) is infinite and II(GQ) is non-discrete. Then there are a rank one additive
discrete subgroup W C C, a € W, and b,c € C, such that {1,c} is R-linearly dependent
but Z-linearly independent and up to conjugation we have:

1 0 wlll 1 01"l a+4+c b
G = 01 0 0 1 1 0 1 c
0 0 1 0 0 1 0 0 1

m

m,n € Z,weW

Now we prove
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Theorem 5.20. Let G be a purely parabolic discrete group in PSL(3,C). Then G is vir-
tually finitely presented, torsion free and solvable. Also, G is virtually either unipotent
and conjugate to the projectivization of a subgroup of Heis(3,C), or else it is an Abelian
group of rank at most two, with an irrational ellipto-parabolic element, and it is of the
form:

ElU(W,pn) = 0 ww) 0 weWw

where W is a discrete additive subgroup of C and pu: W — S is a group morphism.

Proof. Let G be a discrete group in PSL(3,C) with no loxodromic elements. By Theo-
rem 4.3 we have that G contains a finite index subgroup which is conjugate to a group Go
which is the projectivization of an upper triangular group of matrices. Then Lemma 4.10
grants the existence of a finite index, torsion free subgroup G, of Gy, for which the follow-
ing groups are all torsion free: TI(G1), II*(G1), A12(G1), A\3(G1) and A23(G1). Now use
Theorems 4.3 and 4.5 applied to G; and deduce that either GGy is a unipotent subgroup
of Heis (3, C) or else it is Abelian of rank at most 2 of the form stated in Theorem 5.20.
Now, if G5 is a discrete subgroup of Heis (3, C) then by Corollary 5.9 we have that G
is solvable and finitely presented. 0O

Finally we have:

Proof of Theorem 3.1. Let G be a subgroup of G which is triangularizable. Let Gy C G
be a subgroup of finite index, such that Gg, A\12(Go), A23(Go), II(Gy), Ker(Il|g,) are
torsion free, see Lemma 4.10. If Gy contains a parabolic element g satisfying

maz{o(M2(g)), 0(A23(g))} = oo,

then the result follows from Theorem 4.5. Thus we can assume that G C Heis (3,C). If
Ker(Il|g,) is trivial we deduce that Gy is commutative. The proof in this case follows
from Theorem 4.16 and Lemmas 4.17, 5.10. If Ker(II|g,) is non-trivial the result follows
from Lemma 5.12 and Propositions 5.14, 5.15, 5.16 and 5.19. O

5.4. Discrete groups of Heis(3,C) which are not complex Kleinian

Proposition 5.21. Let G C Heis(3,C), then G is a discrete non-commutative group such
that TI(G) is discrete and non-trivial if and only if G is conjugate to either

1 w 011 1 21"l a+ec b
K= 0 1 0[]0 1 1 0 1 c
0 0 1/][0 0 1 0 0 1

m

cm,n € Z,(u,v) € L 5,




484 W. Barrera et al. / Linear Algebra and its Applications 653 (2022) 430-500

or
1 u v 1 1 z1"
Weab = 0O 1 o0 1 1 ne€Z,(uv)eWwW;
0O 0 1J(0 0 1

where a,b,c,x € C, ¢ ¢ R and L C C? is an additive discrete subgroup satisfying that
Spanz{(0,a), (0,71(L)), (0,cm1 (L))} C L and rank(L) > 3.

Proof. Let us assume that G is a discrete non-commutative group such that II(G) is
discrete and non-trivial. Without loss of generality let us assume that II(G) has rank
two. Then by Theorem 0.3 there are a,b,c,z € C, ¢ ¢ R and £ C C? is an additive
discrete subgroup such that G is conjugate to the group:

1 w 9171 1 27"l a+4+c b
0O 1 of|jo 1 11 |0 1 ¢

0 0 1J[0 0 1y [0 0 1

m

:m,n € Z,(u,v) € L

It is clear that G acts properly discontinuously on Q(Ker(Il|g)). Since G is not complex
Kleinian we deduce rank(L) > 3. For w = (u,v) € £ and k,l,m € Z, define:

l

1 u v 11 z1%711 at+c b
g(w,k,l,m)=10 1 0|0 1 1 0 1 c
0 0 1][0 0 1 0 0 1

Let w; = (ui,v;) € L (i =1,2) and k,I,m,n € Z; a straightforward computation shows:
g(wy, k,1,)g(wa, m,n) "t = g(wy — wy +w, k —m,l —n)
where w = ug(cl — en + k —m) — ma(l — n). Thus
Spanz{(0,a), (0,71 (L)), (0,em (L)} C L. O

The proof of the following lemma is a slight modification of the proof of Part (2) in
Lemma 5.13, so we omit it.

Lemma 5.22. Let G C Heis(3,C) be a discrete non-commutative group such that II(G) is
non-discrete. Then A (Ker(Il|g)) is a single complex projective line.

The next result is a direct consequence of Proposition 5.19 and we include it without
proof:

Proposition 5.23. Let G C Heis(3,C) be a non-Abelian discrete but not Kleinian group
such that Ker(Il|g) is infinite and II(G) is a rank two non-discrete group. Then we can
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find a rank two additive discrete subgroup W C C, a € W, b,c € C such that {1,c} is
R-linearly dependent but Z-linearly independent and up to conjugation we have:

1 0 wllt 1 01"Tl a+4+c b
G = 01 0|0 1 1 0 1 c
0 0 1 0 0 1 0 0 1

m

m,n € L,weWwW

Lemma 5.24. Let G C Heis(3,C) be a discrete non-commutative group such that II(G)
has rank at least 3, then:

(1) For every I-dimensional real subspace £ C C we have rank({ NII(G)) < 2.
(2) We have rank(Ker(Il|g)) =2 and 3 < rank(II(G)) < 4.

Proof. Let us prove Part (1). Assume there is a real line £ C C for which rank(¢NII(G)) >
3. Then there are z € C* and r, s € R* such that Spanz{1,r,s} is a rank three group
and Spang{z,rz,sz} CI(G). Let d,e, f,g,h,j € C be such that:

1 d e 1 f g 1 uw v
gp=10 1 =z|{,g0=1|0 1 rx|,9g5=|0 1 sz
0 0 1 0 0 1 0 0 1

€ed.

A straightforward computation shows that for every k,l,m,n,o0,p € Z:

e ) . 1 0 w
919295 "92°91 "985 95 9l = 8 (1) ? :

where w = z(dn((l — o)r + s(m — p)) — u(m — p)(or + n) + f(os(m — p) + n(=1 + 0))).

Thus
1 x(ds — h) 1 0 z(dr—f)
hy=1{0 0 Che=[0 1 0 ,
0 1 0 0 1

0

1

0

1 0 z(fs—ur)
h3=<0 1 0 )EG.
0 0 1

Since fs—wur = —s(dr — f)+r(ds —u), we conclude that Spang{ds —u,dr — f, fs —ur}
is non-discrete. Thus G is non-discrete, which is a contradiction.

Now we prove Part (2). From Lemma 7.5 and Proposition 5.25 we get that
rank(Ker(Il|g)) = 2; on the other hand, by Theorem 0.3 we have 3 < rank(II(G)) <
4. O

Proposition 5.25. Let G C Heis(3,C) be a non-Abelian discrete group. Then II(G) has
rank 8 and is dense in C if and only if we can find a rank two additive discrete subgroup
W CC, and z,a,b,c,d, e, f € C such that G is conjugate to:
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1 0 w1l 1 z]1*71 a+ec b]'[1 d+f e]™
H = 0 1 0|0 1 1 0 1 c 0 1 f ck,mn € Z,weWwW
0 0 1 0 0 1 0 0 1 0 0 1

where a,b,c,d, e, f are subject to the conditions:

(1) {a,d,af —dc} CW;
(2) lal+d[ #0;
(3) for every real line £ C C we have £ N Spang{l,c, f} has rank at most two.

Proof. For w € W and k,l,m € Z, define:

1 0 w1l 1 2171 a+e b]'T1 d+f el™
glw,k,l,m)=|0 1 0[]0 1 1 0 1 cl |0 1 d .
00 1][0 0 1 0 0 1 0 0 1

Let u,v € W and k,l,m,0,p,q € Z; a straightforward computation shows:
g(uvkalam)g(v707paQ)71 :g(uvarw,kfo,lfp,qu),

where w = —aln + ao(n + f(m —p)) — d(n + co)(m — p). Thus H is a group if and only
if a,d,af — dc € W. We notice that if H is a group, then H is non commutative if and
only if |a| + |d| # 0. Clearly II(H) has rank three and it is a dense group in C whenever
Spang ({1, ¢c,d}) is dense in C. Observe that if H is non-commutative and Spanz{1,¢, f}
is dense in C, then H is discrete if and only if there are sequences (w,) C W and
(kn), (In), (my) C Z such that (g, = g(wn, kn, ln, my)) is a sequence of distinct elements
satisfying g, —= Id . By Lemma 7.5, H is non-discrete if and only if W is non-discrete
(

or there are sequences (w,) C W and (k,), (1), (my) C Z such that:

(1) (kn + lpc+myf) is a sequence of distinct elements converging to 0;
(2) (lna + myd) converges to 0.

Now observe that Lemma, 7.6 and the previous facts are equivalent to the non-discreteness
of Spang(a,d). O

Similar arguments show:
Proposition 5.26. Let G C Heis(3,C) be a non-Abelian discrete group such that TI(G)
has rank four. Then there exist a rank two additive discrete subgroup W C C and
x,a,b,c,d,e, f,g,5 € C such that G is conjugate to:

H= {gugfgéggnm. ck,l,m,n € Z,w € W} ,

where
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1 0 u 1 1 «x 1 a+c b
gule 1 0];%:[0 1 11;92= 0 1 ¢y
0 0 1 0 0 1 0 0 1
1 d+f e 1 g+j h
932[0 1 f];g;;z[() 1 47
0 0 1 0 0 1

and x,a,b,c,d e, f,g,h,j are subject to the conditions:

(1) {avdagadj _gfaaf - Cdaaj _Cg} cw ;
(2) lal+|d[ + gl #0 ;
(3) for every real line £ C C we have £ N Spang({1,¢, f,j}) has rank at most two.

5.5. Proof of Theorem 3.2

Let G be a discrete group without loxodromic elements which is not (complex)
Kleinian. By Corollary 4.4 and Lemma 4.10, G contains a torsion free subgroup Gj
of finite index which is triangularizable, it is not Kleinian and the following groups are
torsion free: Go, A12(Go), A\23(Go), II(Go), Ker(Il|g,). Theorem 4.5 implies that Gy does
not contain an irrational ellipto-parabolic element, for otherwise the group Gy would be
Kleinian. So we can assume that Gy C Heis (3, C).

If Gy is commutative, then Theorem 4.16 and Lemma 5.4 imply that II(Gg) is trivial,
and the result follows from Lemma 5.11.

If Gy is non-commutative, then II(Gp) may or may not be discrete. If II(Gy) is discrete,
then the result follows by Proposition 5.21. If II(Gy) is non-discrete, then by Lemma 5.24
we have that II(Gp) has rank 2, 3 or 4. Let us look at each of these cases:

If the group II(G) has rank two, then the result follows from Proposition 5.23.

If the group II(G) has rank three, then the result follows from Lemma 7.7 and Propo-
sition 5.25.

If the group II(G) has rank four, then the result follows from Proposition 5.26 and
Lemma 7.9. O

Proof of Theorem 0.1. This uses Theorems 3.1, 3.2, 3,2 and section 2 where the families
of purely parabolic groups are described.

Proof of part (1). If G is a complex Kleinian group then by Theorem 3.1, G is virtually
conjugate to either an elliptic group or to a discrete subgroup of Heis(3, C). If G is discrete
but non-Kleinian, then by Theorem 3.2 we get that G is virtually conjugate to a discrete
subgroup of Heis(3, C).

Proof of part (2) items (a) and (b). If G is complex Kleinian then, by Theorem 3.1, G
is virtually conjugate to one and only one of the following groups: Elliptic, Torus, dual
torus group type I and type II, Kleinian Inoue, Ky, K1 and Ks. By Lemmas 2.1, 2.2, 2.3,
2.5, 2.13, 2.16, 2.17, 2.18 and Definition 2.4 the only groups whose limit set is exactly
one line are: Elliptic groups, Torus groups, dual Torus type I groups, Ky groups and K
groups.
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And by Lemmas 2.3, 2.16, 2.17, 2.18, Theorem 2.7 and Definition 2.4 those groups
whose limit set is a cone of lines over a circle are: dual torus type II groups, Kleinian
Inoue groups, and Ko groups.

The proof of Part (2) Item (C) follows directly from Theorem 3.2 and the correspond-
ing list is the following dual torus group type III, non Kleinian Inoue groups, Extended
Inoue groups and K3, K4 and K5 groups. O

6. Appendix: Abelian subgroups of Ut

Since we have not found Theorem 4.16 in the literature, we now prove it for complete-
ness. The claim is that if U, is the group in Definition 4.9 and G C U, is a commutative
subgroup, then G is conjugate to a subgroup G of one of the Abelian Lie groups C} in
Definition 4.15, for some j = 1,2,3,4,5. Notice that since G is commutative, we have
that II*(G) and II(G) are Abelian. Now consider the following cases:

Case 1. The groups II*(G) and TI(G) contain a parabolic element. In this case, since
IT*(G),1I(G) € Mob(C) are Abelian, we deduce that II*(G) and II(G) are purely
parabolic, i.e., G C Ker(A2) N Ker(A3).

Claim 1. There is an element h € G such that II(h) and II*(h) are parabolic. Let
91,92 € G be such that TI(g;) and TI(g2) are parabolic, then, taking a power of gy if
necessary, we can assume that II(g;g2) and IT*(g1g2) are not the identity. Since G C
Ker(Az2) N Ker(A3) we deduce that II(g;92) and I1*(g1g2) are both parabolic.

Let h € G be the element given by the previous claim, then

1 a b
0 1 ¢
0 0 1

h:

where ac # 0. Let us define hy € PSL(3,C) by

Then a straightforward computation shows that for every g = [g;;] € hoGhy 1 we have:

1 0 —g12+923
[hohhyt, gl = |0 1 0
0 0 1

Since G is Abelian we deduce g2 = go3.

Case 2. The group IT*(G) contains a parabolic element but II(G) does not. Under this
assumption, we deduce II*(G) is purely parabolic and there exists w € C such that
II(G)w = w, hence G C Ker(A2). We define
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1 0 0
h=10 1 w]|.
0 0 1

By a straightforward computation we show that for every g € G, there exists ¢, € C
such that:

gi1 g1z Cg4
hgh ' =10 gu 02
0 0 917

We notice that G; = hGh™! leaves invariant the line gl, es, so I : G1 — Mob(C), given
by II1 ([gi5]) = gllgg;z + g1393_31, is a well defined group morphism. Now we only need
to consider the following sub-cases:

Sub case 1. The group II;(G;) contains a parabolic element. Then II;(Gy) is purely
parabolic, which shows that G; C Ker(\13).

Sub case 2. The group I (G1) does not contain a parabolic element. Then there exists
p € C such that IT; (G1)p = p. We define

1 0 p
hi=1|0 1 0f.
0 0 1

It is clear that for every g € G; we have

gin g1z O
hlhghilhl_l = 0 gi1 02
0 0 gy

It follows that in this case the group is conjugate to a subgroup in Cj.

Case 3. The group II*(G) does not contain a parabolic element but II(G) does. We
deduce that II(G) is purely parabolic and there exists z € C such that II*(G)z = z.
Clearly G C Ker(Xa3); we define
1 2 0
h=10 1 0].

0 0 1

Then for every g € G there exists ¢4 such that:

2
1 g 0 g
hgh™ =10 g1 @3
0 0 gn

Now we can consider Il = II,, &= and we have that ITo(G) C Mob(C) is an Abelian
group. So we must consider the following sub cases:
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Sub-case 1. The group II5(G) contains a parabolic element. We get that II5(G) is purely
parabolic, which shows that G C Ker(A3).

Sub-case 2. The group II2(G) does not contain a parabolic element. Again there exists
p € C such that II5(G)p = p. Define

One can show that for every g € G:

1.1 91_12 0 0
hihgh™"hi = | 0 g g3
0 0 g1

Case 4. The groups IT*(G) and II(G) do not contain parabolic elements. In this setting
there are z,w € C such that II*(G)z = z and II(G)w = w. Define

1 z 0
h=10 1 w]|.
0 0 1

Then for every g = [g;;] € G there exists ¢, € C such that:

911 0 Cg
hgh ™' =10 g O
0 0 g3

Consider the following sub-cases:

Sub case 1. The group II3(G) contains a parabolic element. Then IIy(G) is purely
parabolic, which shows that G C Ker(\3).

Sub case 2. The group II5(G) does not contain a parabolic element. We know there exists
p € C such that IIs(G)p = p, let

1 0 p
hy=10 1 0].
0 0 1

Then the subgroup hlh(}'fflhf1 contains only diagonal elements. O
7. Appendix: Technical lemmas on additive subgroups of C2

Now we state and prove some technical lemmas used along this work.
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Lemma 7.1. Let ¥ € S'\ {1}, then
B ={(0,1), (9,9), (20%,9%), (30°,9°)} C C?,
is an R-linearly independent set.

Proof. If ¢ = cos(f)+isin(f), then 5 is R-linearly independent because the determinant

0 0 1 0
cos(0 sin(6 cos(6 sin(6 .
2 cos((2?9) 2 sin((2)0) cos(<20)) bln(<20)) = 4(sin6)"
3cos(36) 3sin(30) cos(30) sin(30)

is equal to 0 if and only if ¥ = £1. O
Lemma 7.2. Let ¥ € S'\ {£1} be a complex number satisfying:
(1) The set
Ba ={(0,1),9(1,1),9%(2,1),9°(3,1),9"(4,1)} C C?,

is Q-linearly dependent;
(2) The number Re(V) is not a root of the polynomial:

19227 — 642° + 4962° + 288z + 5102 + 209z + 8.
Then there exists o« € C* such that:
(o, 0) € Spang{¥?(j,1):j € {0,...,5}}.

Proof. Since (5 is a Q-linearly dependent set, there are mg, my, ms, ms,my € Z such
that:

mat(4,1) = mz¥?(3,1) + ma?(2,1) + m19(1,1) + me(0, 1),
and my # 0. Thus we get the following equations:

4m4193 = 3m3192 + 2mot + mq

m4194 = 7713193 + m2'l92 +myd +mg .
Let us consider p1(z), p2(x) € Z[z] given by:

p1(x) = —dmax® + 3mzz? + 2max + my
pa(x) = —mgazt + maa® + mea® + myz +mog .
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Clearly p1 () = p2(¢) = 0, so there are r1,79,r3 € R such that:

pi(z) =—dmy(z — ) (z -9 ) (x — )

= —dmya® + 4m4(2R6(19) +r1)x? — dmy (1 + 2ry Re(9))x + 4mary ,
po(z) = —dmy(z —9)(x — 9~ (22 + rox + 13)

= —4dmyz* — dmy(—2Re(9) + ro)x® — dmy(1 — 2raRe (W) + r3)z?

—4dmy(ro — 2Re(9)r3)x — dmyrs .
By comparing the coefficients of p; and p, with the previous equations we get:

my = 4m4r1 5
2m2 = —4m4(1 + 2T1R€(’l9)) s
ms = 4my(2Re(9) + 1) ,
mo = —4m47’3, (71)
my = —4my(ro — 2rgRe(V)),
= —4m4(1 — 27‘236( ) + 7‘3) s
mg = —4my(re — 2Re(19)) .

This yields the following linear system:
r1+1re —2r3Re(¥) =0,
2r1Re(¥) + 4raRe(V¥) — 2r3 =1,
r1 + 3rs = 4Re(9) .

Solving the system by Cramer’s rule we get:

Re(9)(16Re*(9) — 7) _ —Re(9)(8Re?(9) 4 3) _ 4Re*(9) —1
2(1— Re2(v)) ' 27

™ =

21— Re2(¥)) ' ° 7 2(1— Re2(0))

(7.2)
On the other hand, from the first 3 equations in the System (7.1) we deduce that Re(d) =
pq~ !, where p,q € Z are co-primes. Let us define:

no = (4Re*(9) — 1),
n1 = (—Re(¥) — 16Re’(9)))q" ,

3

o = (14 8Re%(V) + 16Re*(9))q*,
ng = (=TRe(V) — 4Re3(9))q*,
ng = (2 — 2Re%(9))q*,

which are integers. From Equation (7.2) we deduce:
ng9*(4,1) = nz93(3,1) + n29?(2,1) + n19(1,1) + no(0,1) .

This implies:
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95 = nZQ(nong + (nong + ning)¥ + (ning + 7”@713)192 + (nong + ng)ﬁ?’) .
Thus:
n395(5,1) = mnen3(0,1) + (nong + ninz)d(1,1) + (n1ng + nanz)¥?(2,1)
+(nang +n2)93(3,1) + (5nong + 4(nong + ninz)d + 3(ning + nanz)v?
+2(ngny +n3)0%)(1,0).
Finally let us show that
5nons + 4(nong + n1nz)9 + 3(ning + nanz)9? + 2(nang +ni)9> #£0.
We define p3(z) = bnong + 4(nons + ning)x + 3(ning + nang)a? + 2(nany + n3)z>. We

need to show p3(¥) # 0. Assume, on the contrary, that ps3(¢) = 0.
Now we notice:

nang +ni = ¢%(2 + 63Re*(9) + T2Re*(9) — 16Re5()) # 0.

Hence ps(z) is a cubic polynomial with coefficients in Z. Finally, since ¢ is a root of
ps(x), there exists g € R such that

p3(x) = 2(nang +n3)(z —9)(x — I~ (@ — 7o)
= 2(nang + n3)(z® — (ro + 2Re(9))z? + (1 + 2rgRe(9))z — 1) .

By comparing the quadratic coefficients of p3 we obtain:
—2(ngna +n3)(2Re(9) + 7o) = 3(nin4 + nanz) .
Substituting the values of the n;’s we get the following equivalent equation:
192Re(9)" — 64Re(9)® + 496 Re(9)® + 288 Re(9)* + 510Re(9)> + 209Re(¥) +8 =0,
which contradicts our initial hypothesis. O

Lemma 7.3. Let £ C C? be an additive subgroup such that for each x,y € L we have
m(x)ma(y) = w1 (y)ma2(z), then:

(1) If Ker(m)NL and Ker(ma) N L are trivial, then there is p € C* and W an additive
group of C such that L= {r(l,p):r e W}.

(2) If Ker(m) N L in non trivial, then there is an additive group W of C such that
L={(r,0):re W}

(3) If Ker(me) N L is non-trivial, then there is an additive group W of C such that

L={0,r):reW}.
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Proof. Let us show (1). Clearly £ = {(m1(z),m2(z)) : * € L}. Let us define p, =
ma(x)/m1(x); by hypothesis p, does not depend on x, then

L={(m(x),m(x)ps) : x € L}.

In order to prove (2) it is enough to show that w5 (L) is trivial. Assume on the contrary
that there exists y € £ such that m3(y) # 0. Consider an element x € Ker(ms) N L — {0},
thus 0 # 71 (x)ma(y) = m1(y)m2(z) = 0, which is a contradiction. The proof of Part (3)
is similar. O

Lemma 7.4. Let £L = {(1,0),(c,d)} C C? be an R-linearly independent set. Then
(0,1),(0,¢) € Spang (L) if and only if there are p,q,r € N such that p,q are co-primes,
q® dividesr, c=pqg~ ', and d = r~'.

Proof. Since (0,1),(0,¢) € Spangz (L) we deduce that there are ki, ko, k3, k4 € Z such
that

ki+koc=0,
kod =1,
ks + ksc =0,
ksd = c.

From the first two equations we deduce d = k;l, c= fklkgl. Let p,q € N be co-primes

1

such that ¢ = pg™"; substituting in the last two equations we get:

k3q+ksp =0,
kaq = pka .

From the first equation we see that ¢ divides k4, thus there exists m € Z such that
k4 = gm; substituting in the last equation we get:

mq® = pks.

It follows that ¢ divides ky. Conversely, let us assume that p, ¢ are co-primes such that

c¢=pg~' and r = ¢>n, then:

—p*n(1,0) + gpn(pg~", (¢°n)~") = (0,pg "),
—pgn(1,0) + qqn(pg~", (¢*n)~") = (0,1). O
Lemma 7.5. Let a,c,d, f € C be such that |a| + |d| # 0, Spanz{l,c, f} is a rank three

group and for every real subspace £ C C we have that Spangz{1,c, f}NL has rank at most
two. Then Rank(Spang{a,d,af —dc}) > 2.
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Proof. The result is trivial if a =0 or d = 0 or ad~! ¢ Q, so we assume that 0 # a = rd
for some r € Q. We consider the following cases:

Case 1. Spangz{1l,c, f} is dense in C. Then we must have f = s + tc where s,t € R and
{1, s,t} is Q-linearly independent. Thus, af — dc = (rs + (rt — 1)c)d; to conclude we
observe that rs + (rt — 1)c ¢ R.

Case 2. c€ R—Q and f ¢ R. Then we have af — dc = (rf — ¢)d; to finish we observe
that rf —c ¢ R. O

Lemma 7.6. Let a,c,d, f € C be such that |a|+ |d| # 0, Spang{1,c, f} is dense in C and
there are sequences (ky), (1), (myn) C Z such that:

(1) (kn +lpc+myf) is a sequence of distinct elements converging to 0;
(2) (lna+ mpd) converges to 0.

Then Spang{a,d} is non-discrete.

Proof. Assume, on the contrary, that Spanz{a,d} is discrete. Then ad # 0 and ga = pd
where p, ¢ are non-zero integers. On the other hand, since Spang{a,d} is discrete, by
Assumption (2) we have l,,a+m,d = 0 for n large, so we can assume that l,p+m,q =0
for n large. Hence:

kn . —fpteq

Lz n—00 p
That is —fp 4+ cq € R. On the other hand, since f = r + sc where r, s € R satisfies that
{1,r,s} is Q-linearly independent, we deduce —fp + cq = —(r + sc)p + cq € R. Thus
c € R, which is a contradiction. O

In the next lemma we consider a condition as in Example 2.5.3:

Lemma 7.7. Let a,c,d, f € C be such that a # 0 and for every real line £ C C we have
that LN Spang{1,c, f} has rank at most two. Then U = Spang{a,d,af —dc} is discrete
if and only if Spang{a,d} is discrete and one of the following statements is true:

(1) d=0and f ¢ R;
(2) a=rd for somer € Q;
(3) ad™! ¢ R, and there are r1,79 € Q such that

a(f —r1)

C= ——7—"7"—T9.

d

Proof. Tt is clear that if d = 0 and f ¢ R, then U is discrete. So we assume that if a = rd
with r € Q, then U = dSpang{r,1,rf — c¢}. Since f = s1 + sac where s1, s2 € R satisfy
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that {1, s1, s2} is Q-linearly independent, then rf — ¢ = rs1 + (s2 — 1)c € R if and only
if s, = 1, which is not possible. Thus U is discrete. Finally observe that if ad™! ¢ R,
then the equation

a c+re

E_f*h

is equivalent to the discreteness of U. O

Remark 7.8. We need that the closure of every rank 3 subgroup in W = Spanz{1,c, f}
be either dense in C or isomorphic as a Lie group to R & Z. This comes from the fact
that W is going to play the role of a control group, and we know that control groups of
rank 3 satisfy this. In particular, there are no control groups of rank 3 which are dense
subgroups and isomorphic to R (cf. [27]).

Lemma 7.9. Let a,c,d, g, f,h € C be such that:

(1) la| + |d| + |g| # 0.

(2) W = Spang ({1,c, f,h}) is a rank four group.

(3) For every 1-dimensional real subspace ¢ C C we have rank({ NW) < 2.
(4) Spanz{l,c, f} = aR @ BZ where o, 3 € C* and af~' ¢ R.

Let U = Spang{a,d,g,dh — gf,af — cd,ah — cg}, then U is discrete if and only if
Spang{a,d, g} is discrete, (|a| + |d|)(|a| + |c])(|e| + |d]) # O and one of the following
oceurs:

(1) a=0 (resp. d =0, g =0) and there are ro,r1,72,73 € Q such that r1 #0 and

(ro — r0)2 + 4rir3 < 0;

ro 4+ 1o = \/(TQ — 7’0)2 + 4rirs )
2 b)

e £ 214
€9 = I3 (TQ ro £ +/(r2 —10)% + 7’17"3)

2T1

T =

)

27“1

o+ 24
x4 = (x5 —14) (TQ ro £ /(ra —ro) + r1r3> -5

where x1 = ¢ (resp. f, h), xa = d (resp. a, a), x3 = g (resp. g, d), x4 = f (resp. c,
¢), and x5 = h (resp. h, f).
(2) ad=! ¢ R and there are r1,72, 51,11, S2,ta, 53,13 € R such that:

g=ria+red ; rTota #t3,
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_Az:l:(C—th)VAl . ._Ag:l:(c’l"z —|—t3)\/A1
2(’)"2t2 7t3) ’ 2(T2t2 7t3) ’

f

where:

A1 =(—r2s2 +rita —s3 —t1) 2_4 (rosita — r182t3 + r2s283 — ritite + sat1 — sit3) ,
Ag = — craoss — crite + ¢s3 — ct1 + rosate — T‘1t% + s3to — 2s2t3 — tita,

A3z =ra (crita + s3 (c+ 2t2) — ct1 — sat3) + t3 (—r1 (2c+t2) — s3 — t1) — CT‘%SQ .

(3) ad™! ¢ Q and gd=* ¢ Q and there are ra, 81, S2, 83, t1,t2,t3 € Q such that roty # 0,
a = rod; and

C:l(Ang\/A*l) oA VAI( )
2 )

2ty ’
where
Aq = 2r98o9t; — 4rosite + T‘%t% — 2r9tyty — 28ot3 + 4s3t9 + S% + l% R
Ay = —froty — fsy + [tz — rot] — soty + 2165 + L3ty
A3 =2fro +roty — so — t3.
Proof. Let us assume U is discrete. Clearly, Spanz{a,d, g} is discrete; we claim:

Claim 1. |d| + |g| # 0: just notice that g = d = 0 implies that U = aSpanz{1, f,h} is
not discrete. Similarly one has that |d| + |a| # 0 and |a| + |g| # 0.

Claim 2. There are not rg, 71 € Q such that a = rod, g = r1d. Assume on the contrary
that there are such rg,r; € Q. Set:

U = dSpang{ro,1,r1,h —rif,rof — c,roh — cr1}.
Let us consider
Us = Spang{1,h —rif,rof —c,roh — cr1}.

Observe that h —ry f ¢ R, for otherwise h —r1 f € Q and therefore {h, f} are Q-linearly
dependent; since U is discrete we conclude that there are r1,75 € Q such that rof —c =
r1+ra(h —rif), thus {1,¢, f,h} is Q-linearly dependent, which is a contradiction.

From the previous claims we deduce adg = 0. Now let us study the case a = 0, the
cases d = 0 or g = 0 are similar and we leave them for the reader.

Claim 3. It is not possible that adg # 0 and ad~' ¢ R. Assume, on the contrary, that
there are rq, 79, 51, Sa, 83,1, t2,t3 € Q such that:

g=r1a+rad,
dh —gf = s1a+t1d,



498 W. Barrera et al. / Linear Algebra and its Applications 653 (2022) 430-500

af —cd = sqoa + tod,

ah —cg = s3.
Substituting the value of g given in the first equation in the other equations we get:

a h—fro—t1 tat+c = crotts

d  si+fri f—sy h—cr—s3

Hence, we obtain the following system of polynomial equations:

(h = fra —t1)(f —s2) = (81 + fr1)(t2 +¢),
(h — fTQ 7t1)(h —Cry — 53) = (81 +fT1)(CT2 +t3)7
(ta +c)(h—cr1 —s3) = (f — s2)(cra + t3).

A straightforward computation shows that this system has non-trivial solutions if and
only if roty # t3, and in that case the solutions are:

_ As £ (c+t2) VA hy = As £ (erg +t3) VA

f+ 2 (raty — t3) 7 2 (raty — t3) ’

where:

Ay = (—rase + 11ty — 53 — 1) % — 4 (rasita — r1sats + rasass — ritita + sst1 — sits),
AQ = —CIg2S82 — CTth + CS3 — Ctl + T’282t2 — ’I"lt% + Sgtg — 282t3 — t1t27
A3 =T2 (C’f'th —+ S3 (C + 2t2) — Ctl — 82t3) —+ t3 (—’I"l (26 + tQ) — 83 — tl) — CT%SQ s

and /A7 ¢ Q.

Similarly one finds that it is not possible to have adg # 0, ad~! € Q and gd~! ¢ R.

Claim 4. If a # 0, then w = dg~! ¢ R. Assume that there is R € Q — {0} such
that d = Rg. In this case U = gSpanz{R,1, Rh — f,cR,c}. Let us consider Uy =
Spangz{l, Rh— f,c}, since U is discrete we conclude that there are Ry, Ry € Q such that
Rh — f = Ry + R2C, thus {1,¢, f,h} is Q-linearly dependent, which is a contradiction.
Thus W = {d, g,dh — gf, cd, cg}. On the other hand there are rg,r1, 72,73 € R such that
¢ =ro+rmw=ry+ rsw L. Therefore

cg =rog + drq,
cd =rod 4+ 139 .

1

Hence rg,7r1,72,73 € Q. Since rg + riw = r9 + r3w™ " we conclude that w is a solution of

the polynomial rw? + (rg — 72)w — r3 = 0, that is

_T2—Tg + \/(TQ —7“0)2 + 4rirs
27‘1 '
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Finally, since U is discrete we deduce that there are ry,r5 € Q such that dh — gf =
r4d + 59 which is equivalent to:

f+7s
h—?"4'
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